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Abstract
Various embedded systems are available for control system design and
implementation in either lab experiments of postgraduate and undergraduate courses
in the area of dynamics and control, or in experimental academic research. The focus
of this Master thesis project is set to study, compare and evaluate the performance of
two options of controller implementations ranging from a low-cost microcontroller
based embedded system to a relatively high-end, high-cost controller prototyping
system. In the work reported here, the Arduino® DUE board, which is an Atmel ARM
Cortex CPU based, and the dSPACE® DS1104 prototyping system are used. Another
objective of the thesis is also set to develop a testbed with challenging control. An
inverted pendulum on a cart, driven by a DC motor through a cable-pulley system, is
developed and used. This classical control system is characterized as unstable,
underactuated, nonlinear, and single-input-multi-output (SIMO) dynamic system.
Since the plan is to use model-based control, a mathematical model of the system is
obtained using the Newton-Euler and the Lagrangian methods. State feedback and
state feedback with integral control are employed using a Linear Quadratic Regulator
(LQR) design. Two different techniques were used to estimate the unmeasurable rates.
One uses a position differentiator with a low-pass-filter, The other involves using a
reduced order observer to output the rates. The Arduino Simulink support package is
used in the case of the Arduino’s implementation, while the dSPACE Simulink support
package along with the Control Desk® software are used for the dSPACE
implementation. The control parameters were adjusted and tuned to suit each system
and to optimize the performance.
The obtained results show that the performance of the Arduino DUE controller is
nearly comparable to that of the dSPACE in most cases, and it even outperformed the
dSPACE in some experiments. The results indicate that the Arduino DUE performance
is in general more superior when considering stability and oscillations of the cart. The
dSPACE performance on the other hand is better in responding to step inputs and in
minimizing response time.
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بي و ْح َد َ ْ
ن
تقييم ومقارنة ن
ميكانيك للبندول المقلوب
نظام
عىل
مطبقتي
تحكم
ت
ِ
ي
ي
الملخص

تتوفر العديد من النظم الحاسوبية المدمجة ( )Embedded Systemsلتصميم وتطبيق
أنظمة التحكم يف التجارب العملية والمشاري ع البحثية األكاديمية المتعلقة بالدراسات
األساس من هذه
مجال التحكم والديناميكا .إن الهدف
الجامعية ،أو الدراسات العليا ،يف
ي
ي
ر
الت رتتاوح بي وحدات منخفضة
األطروحة هو دراسة ومقارنة أداء نوعي من وحدات التحكم ي
ر
ً
نسبيا .يف هذا البحث ،تستخدم
االحتافية عالية التكلفة
التكلفة واإلمكانيات ،إل الوحدات
ر
الت تعتمد عىل معالج Atmel ARM Cortex
وه  ،Arduinoي
وحدة تحكم منخفضة التكلفة ي

ً
وه  .dSPACEيستهدف هذا العمل أيضا تطوير
 ،CPUلمقارنتها مع وحدة تحكم عالية األداء ي
ميكانيك يصعب التحكم به ،وهو البندول المقلوب المثبت عىل عربة،
ساس لنظام
هيكل أ
ي
ي
يعتت هذا النظام من أشهر األنظمة المستخدمة لتجربة
يقودها محرك من خالل خيط وبكرة .ر
خط ،وهو
الرياض غت
أداء تقنيات التحكم المختلفة ،وذلك لعدم استقراره ،وألن نموذجه
ي
ي
ً
أيضا نظام ذو معط واحد ومخرجات متعددة.
ً
الرياض للنظام ،يتم استخدام
نظرا ألن تقنية التحكم المستهدفة هنا تعتمد عىل النموذج
ي
وه طريقة نيوتن-أويلر ،وطريقة
طريقتي الشتقاق المعادالت الرياضية للنظام
الديناميك ،ي
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الجرانج .يتم استخدام نظام التحكم المرتجع ( ،)Full State Feedback Controlونظام
ر
الخط
بيع
التحكم المرتجع
ي
ي
التكامىل للتحكم بهذا النظام ،حيث تستخدم تقنية المتحكم الت ي
( )Linear Quadratic Regulator - LQRلتصميم واستخراج العوامل الالزمة للتحكم
ر
المقتحة تتطلب قيم معدالت التغت يف زاوية البندول وحركة
المرتجع .بما أن تقنية التحكم
العربة ،فقد تم استخدام طريقتي إليجادهما .األول باستخدام االشتقاق ،والثانية باستخدام
ر
وحدت التحكم عىل برنامج ،MATLAB Simulink
المراقب التقديري .تعتمد برمجة كل من
ي
التنامج مخصصة رلتمجة  ،Arduinoبينما يتم استخدام
حيث تستخدم حزمة إضافية لهذا ر
برنامج  ControlDeskمع  Simulinkرلتمجة .dSPACE
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تظهر نتائج الدراسة أن أداء وحدة التحكم  Arduinoيوازي أداء  dSPACEيف معظم تقنيات
النواح .تشت
التحكم للبندول المقلوب ،بل إن  Arduinoيتفوق عىل  dSPACEيف بعض
ي
النتائج بشكل عام إل أن أداء  Arduinoهو أفضل من ناحية ثبات البندول واتزانه ،بينما تمت
أداء  dSPACEبرسعة االستجابة لتغت المعطيات ورسعة وصول العربة إل المكان المطلوب.
مفاهيم البحث الرئيسية :أنظمة التحكم ،البندول المقلوب ،نظام التحكم المرتجع ،مراقب
التكامىل.dSPACE ،Arduino ،
تقديري ،التحكم
ي
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Chapter 1: Introduction
1.1 Overview
Control systems are becoming extensively used in various aspects of life as the world
moves at accelerated pace towards automation and artificial intelligence. This has
created a focus on developing several types of microcontrollers which are getting
cheaper but higher in capabilities and specifications. Many of these controllers are
equipped with features that makes them attractive for use in applications involving
closed loop control. In fact, experimental setups that incorporate microcontroller based
embedded systems are getting into the curricula of various engineering disciplines
such as electrical, mechanical, mechatronics and aerospace engineering. Various
options of low-cost open-source microcontroller based embedded systems have
become widely available to engineers and researchers to develop experimental case
studies on control system design and implementation in undergraduate and
postgraduate courses and research projects.
1.2 Statement of the Problem
Both high-end and low-end controllers have been used in reported literature as part of
embedded and control systems. These are often used for the purpose of applying and
studying several types of control laws on a variety of experimental control problems.
One of the most commonly used systems to test control laws and challenge controllers’
capabilities is the inverted pendulum on cart. Since higher capabilities’ controllers
require higher investment, selecting the suitable controller for a specific application
requires always a tradeoff between cost and performance, to meet the allowed budget
without jeopardizing the system capabilities and response.

2
The main objective of this study is to develop a comprehensive comparison between
two categories of controllers for use in graduate and undergraduate courses, research,
and project work, for educational purposes and as part of experimental academic
setups. To achieve this, several control laws are designed for the underactuated cartinverted pendulum setup, then implemented on a low-cost microcontroller system with
moderate capabilities. Arduino DUE, which is based on a 32-bit ARM processer, is
selected to represent the low-end category by demonstrating its potential capabilities
in accomplishing the aforementioned control objectives. DUE is selected as it has the
highest capabilities in Arduino range, but with a relatively low price. The performance
of this implementation will be benchmarked and compared against that of a relatively
high-end and industry standard control prototyping system, the dSPACE DS1104,
which is also available in the UAE University control lab.
The inverted pendulum on a cart is a classical control problem that is customarily used
for benchmarking and evaluating control strategies. As a control system, the cartinverted pendulum system has several challenges. The first of these is that the system
is unstable which means that without proper control the pendulum will fall from its
desired upward position. Stabilizing the system is therefore the most obvious objective
of the control design. The second challenge is that it is underactuated due to the fact
that the number of degrees of freedom (DOF) of the system is higher than the number
of the used actuators. The cart-inverted pendulum system has two degrees of freedom
as a result of the presence of a passive revolute joint that attaches the pendulum to the
cart, and a prismatic joint that constrains the cart to move along one horizontal
direction. With one actuator attached to the cart, both degrees-of-freedom have to be
controlled and stabilized. Furthermore, the interaction between the rotational and
translational bodies renders the system nonlinear and fourth order. On top of that,
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adding the dynamics of the electric actuator is needed when experimental
implementation is intended. Since this is the intention here, a model that combine the
actuator dynamics with the rigid-body dynamics is needed.
1.3 Intended Outcomes and Deliverables
In order to achieve the objectives set earlier, a pedagogical and research control system
setup is developed to demonstrate and benchmark potential control strategies for
underactuated mechanical control systems. As an outcome of this work a fully
controlled system consisting of a cart-inverted pendulum system with relatively
complex mechanical and electrical dynamics is sought. This also includes integrating
and developing two controller prototyping systems with a demonstration of the
hardware and software implementation procedures.
Other intended outcomes and deliverables include developing system specific
parameter estimation procedure, which aims at experimentally estimating the factors
that can be used to translate the potentiometers readings to physical measurements of
system’s position and tilt angle, both of which are essential values to stabilize the
system and achieve the desired control response.
This thesis will also discuss comprehensively the design and implementation
procedures of several control strategies suitable for Single-Input-Multiple-Output
(SIMO) system, which are mainly State Feedback Control, by which the system will
be stabilized, and State Feedback with Integral Control, which will eliminate the steady
state error in addition to the system stabilization. Since all aforementioned control
techniques require feedback from all system states, Reduced Order Observer
estimation procedure is explained and applied on the system to estimate the
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unmeasurable system states.
Finally, all of the above implementations will be compared and discussed to draw final
conclusions of the pros and cons of each microcontroller, and each control strategy
applied on the cart-inverted pendulum system.
1.4 Thesis Structure
As the main objective of this work is to design and evaluate potential controllers for
the cart-inverted pendulum system using several control techniques, Chapter 2, is
devoted to summarize and review prior work in relevant fields. The review summary
includes available research implemented for the cart-inverted pendulum system, the
importance of this system as an evaluation tool of control techniques, and an overview
of some successful control techniques. The review also covers previous research and
experimental setup implementation done on Arduino, dSPACE, and Simulink for
similar control systems.
In Chapter 3, a full model of the cart-inverted mathematical model is presented. The
mechanical rigid-body dynamics were derived using the Newton-Euler and the
Lagrangian methods to compare and validate the derivations. This is combined in the
chapter with the geared dc-motor dynamics and used cable-pulley system that convert
the motor output torque into actuation force on the cart.
In Chapter 4, the mechanical and electrical systems are described in detail. Relevant
hardware and software features of the used controllers are also presented. The
procedures to estimate the system parameters are also shown together with the
parameters’ estimation results. In Chapter 5, the experimental work and the results
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from both Arduino and dSPACE are presented. Finally, Chapter 6 includes discussion
of the obtained results and conclusions and recommendations for future work.
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Chapter 2: Literature Review
In this chapter background and literature pertaining to the main topics of this thesis
project are summarized and reviewed. This includes the cart-inverted pendulum
problem in terms of the involved dynamic modeling and analysis. Some of the main
control techniques that are used to address the control problem of this system are also
highlighted. Representatives of experimental studies that are done on the inverted
pendulum system and similar underactuated systems are also presented and discussed.
The chapter includes an overview about two microcontrollers used in the previous
work to implement control laws on various mechanical system, and it also mentions
the role of Simulink® in deploying the designed control on the discussed
microcontrollers.
2.1 Inverted Pendulum
The inverted pendulum on a cart is a classical control problem which has been used
for several decades as a benchmark to evaluate control techniques proposed for
underactuated mechanical systems. These are systems with more degrees of freedom
than the number of the used actuators, which makes the number of inputs less than the
number of outputs. In the case of the inverted pendulum on cart, the only input is the
voltage input to the motor that actuate the cart, while there are two outputs, including
the tilt angle of the pendulum  and the position of the cart x. Goswami (2013) pointed
out that the inverted pendulum is used as a benchmark since it represents a challenging
control problem, in which the system continually moves toward an uncontrolled state.
Goswami also indicated that the inverted pendulum stabilizing control is similar to
control problems s of the automatic aircraft landing system, the attitude control of a

7
space booster rocket, the satellite stabilization, and the aircraft stabilization in the
turbulent air-flow. Similar to Saifizul (2006), Goswami (2013) has proposed Adaptive
Neuro-Fuzzy Inference System (ANFIS) architecture to stabilize the inverted
pendulum on cart system.
There are several versions of the inverted pendulum, inverted pendulum on cart, rotary
inverted pendulum, and wheeled inverted pendulum as illustrated on Figure 1, Figure
2 and Figure 3. Although the involved dynamics of these types have similarities, to
some extent, the difference in the way the coordinates are defined dictates the types of
sensors to be used for measuring the states. An inertial measurement unit (IMU) is
needed in the case of the wheeled inverted robot to measure the tilt angle.

Figure 1: Inverted Pendulum on Cart (Messner & Tilbury, n.d.)
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Figure 2: Rotational Inverted Pendulum (Shojaei et al., 2011)

Figure 3: Inverted Wheeled Pendulum

2.2 Existing Control Techniques for Inverted Pendulum
Several control techniques have been implemented on this system. Saifizul and others
(2006) have designed swing-up control for an inverted pendulum on cart system, to
take the pendulum up to the upright position using position-velocity controller, in
addition to a stabilization controller to keep the pendulum balanced, using Takagi
Sugeno fuzzy controller with ANFIS architecture. A similar control technique was
used to stabilize the same system by Yu and Jian (2014). Another control technique
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was used for the rotary inverted pendulum by Park and Chwa (2009), who designed
swing-up and stabilization control using coupled sliding mode control (SMC)
technique. Franco and others (2018) have implemented a simulation of Robust Control
technique on a Flexible Inverted Pendulum on Cart, similar to the shown on Figure 4.

Figure 4: Flexible Inverted Pendulum on Cart (Franco et al., 2018)

The widely used PID controller is not the optimum solution for this system (though it
is a possible one). Explaining that, Bitirgen et al. (2018) has mentioned that this
underactuated system has two outputs and one input, thus two transfer functions are
used to represent this system. When each transfer function is assumed to be a SISO
system and a PID control is designed, “the control input for each controller only takes
into account the position or the angle feedback individually. This make it difficult to
find a set of controller that both satisfies the stability of position and angle. It is
considered that, with a full state-feedback controller, all poles of the system can be
placed anywhere in the left half plane to make the system stable. Roose and others
(2017) added that PID controller is a linear controller and it cannot be used to guarantee
the stability of a nonlinear system such as the inverted pendulum.
State Space Representation has been one of the earliest and most commonly used
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technique to develop the system model and to implement the basic stabilization control
of theta. Some resources record the implementation of this technique back in 1981.
The work of Harding (1981) is an example of that, where the system parameters were
measured and obtained, then the mathematical model was developed, linearized
around θ = 0, and then formulated in the form of State Spaces Matrices. The
Controllability and the Observability of the system have been studied and confirmed.
In the last step, Full State Feedback Control Law was developed to stabilize the system.
However, Harding’s experimental setup has not stabilized using his calculated control
law. Harding has explained that ignoring the friction in the pendulum pivot due to the
used potentiometer, and the acceleration limitations of the actual motor and gear drive,
might have been the causes of failure of the proposed control law. It is to be noted here
that Harding has used motor tachometer and pendulum tachometer to obtain the
derivatives of the system states, which may have not produced accurate results and
contributed to the failure of the proposed control law.
Several recent publications have successfully implemented a similar control technique
and shown good results. Bitirgen et al. (2018) has successfully implemented full state
feedback control with the use of two high resolution encoders to measure the rate of
change of pendulum angle and the velocity of the cart.
Rybovic and others (2012) has designed state feedback law with help Ackerman’s
method for poles placement. In Rybovic’s work, the incremental encoders were used
to measure the position of the cart and the angle of the pendulum. Rybovic has assumed
that the input to the system is force not voltage, so all motor’s reflections have been
omitted, and the motor’s back electromotive force (EMF) was not considered.
In general, most studies have relied on full state feedback using linear quadratic
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regulator (LQR) to achieve system stabilization. LQR is part of Optimal Control
Theory, and it is based on optimizing the system response while minimizing the value
of the cost function, by adjusting the value of the feedback gain matrix K, as shown in
Figure 5.

Figure 5: Full State Feedback Control Block Diagram

Cost function in this case represents the control effort that the system exerts to achieve
the targeted response, and it is expressed by the following quadratic equation:
∞

𝒯 = ∫ (𝑥 𝑇 𝒬𝑥 + 𝑢2 ℛ)𝑑𝑡

(1)

0

where 𝒬 is a real symmetric matrix, and ℛ is a scalar. Both values shall be selected to
give weightage of system performance (in terms of error), which is represented by 𝒬
value, versus the cost or effort to control the system, which is represented by ℛ value.
K value can be obtained by calculating the eigen values of the closed loop system E,
which is:

𝐸 = 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡(𝐴 − 𝐵𝐾)

(2)

To have a stabilized system, K shall be calculated such that closed loop system poles
are all having negative real values. Thus, K can be calculated as:
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𝐾 = ℛ −1 𝐵 𝑇 𝑃

(3)

P can be obtained by solving the following Reccati equation:

𝐴𝑇 𝑃 + 𝑃𝐴 − 𝑃𝐵ℛ −1 𝐵 𝑇 𝑃 + 𝒬 = 0

(4)

The above steps have been applied by Siradjuddin and others (2017) to design LQR
controller for the inverted pendulum on cart system. In that work, Lagrangian method
was used to derive the mathematical model of the system. Their work has
comprehensively covered the tuning of Q and R values, and compared the system
response using different values of Q and R. They concluded that “choosing a large
value for R means that the controller stabilizes the system with less (weighted) energy,
it is called expensive control strategy. This control strategy is used when the control
signal is constrained. On the contrary, choosing a small value for R means that the
controller penalizes the control signal (cheap control strategy), causing a large control
signal. Large Q implies less concern about the changes in the states” (Siradjuddin &
others, 2017).
It is important to note that their work has also considered an important factor of the
system dynamics which affect the obtained mathematical model, which is the DC
motor dynamics and the back EMF generated by the motor. Most studies consider the
force or moto torque as the input to the system, while the actual input to the system is
voltage to the motor in the form of Pulse Width Modulation (PWM). This
consideration assumes that the force (which is the input in the mathematical models of
these studies) is directly proportional to the voltage. Actually, this ignores the back
EMF which increases with rotational velocity of the cart motor. The motor dynamics
can be illustrated as shown in Figure 6.

13

Figure 6: DC Motor Armature Equivalent Circuit (Siradjuddin & Others, 2017)

where:
𝑣𝑎 Input voltage to the motor

𝑖

Current through motor

𝑣𝑏 Back EMF voltage

𝜏1

Generate torque at motor shaft

𝐿

Motor inductance

𝜃1

Angle of rotation at motor shaft

𝑅

Motor Resistance

In their work, Siradjuddin and others have illustrated the motor dynamics equations
which consider the voltage loss due to the motor internal resistance and the back EMF.
Using these equations along with Kirchoff’s Voltage Law (KVL), and ignoring the
motor’s inductance (as it is very small), the final equation relating the input voltage to
the output force moving the cart is

𝐹=

𝐾𝑡
𝑥̇
(−𝐾𝑏 + 𝑣𝑎 )
𝑅𝑟1
𝑟1

(5)

where Kb is the motor back EMF constant, Kt is motor torque constant, and 𝑟1 is the
radius of the pulley.
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This derivation will be explained in detail in the next chapter which discusses
mathematical modeling.
Sharif and Ucar (2013) have implemented full state feedback, to stabilize the inverted
pendulum on cart, in two ways, one is the pole placement, and the other is the LQR.
From their comparison of both techniques, Sharif and Ucar have concluded that pole
placement technique stabilizes the system but does not regulate the control input value
which may increase the control input to its saturation and drive the system to a
nonlinear behavior. The second conclusion was that for the case of LQR, increasing
the value of R matrix while keep Q matrix fixed causes the control input to start with
smaller gain. On the other hand, keeping R fixed and increasing an element of Q matrix
reduces the response time and makes the system faster. Kumar and Jerome (2013)
came to a similar conclusion when they tried to design a robust controller for
stabilizing and path trajectory tracking of an inverted pendulum. Their experimental
results have shown that LQR control yields a faster and smoother response and
stability with less oscillations than the typical state feedback control using pole
placement technique. LQR method to design full state feedback has been also used by
Sugaya (2017) to control inverted rotary pendulum. In general, LQR is the most widely
used technique to implement full state feedback control on the inverted pendulum
system.
However, Xin and others (2011), have implemented LQR with the consideration of a
very important factor which most studies ignore, that is the friction. Xin has considered
the friction produced due to the movement of the cart on the track, and due to the
rotation of the pendulum. Xin has found that even when the considered friction
coefficient i.e. 0.005, the pendulum system performance is clearly affected.
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2.3 Reduced Order Observer
As illustrated earlier, state feedback control is often used to control inverted pendulum
system. As this system is fourth order, the states matrix will be consisting of four
elements. Mathematical model equations indicate that the four states shall be selected
as 𝜃, 𝜃̇, 𝑥 and 𝑥̇ , where theta is the angle of the pendulum, and 𝑥 is the displacement
of the cart.
Various types of sensors are used to measure the value of 𝜃 and x. The most popular
two are encoders and potentiometers. The problem remains in measuring (or
estimating) 𝜃̇ and 𝑥̇ . Adding additional sensors to measure these states might be
possible, but it increases the cost of the system. In addition, it is rare to have all states
directly measurable in a system, so there is substantial need for a method to estimate
the unmeasurable states.
There are two ways to achieve that without additional sensors, either by differentiation,
which is the easiest method, but on the other hand, it produces a lot of noise and
inaccuracies.
The second way is to use one of the available state estimation techniques for nonlinear
systems. Zhu (2007) has summarized these as extended Kalman filter and extended
Luenberger observer as a nonlinear observer; nonlinear state transformation method
and Lyapunov-like method. Zhu added that similar to the linear systems observers,
nonlinear systems observers can be full order observers or reduced order observers. In
many cases there is no need to estimate all systems states, rather, only the
unmeasurable ones need to be estimated.
Kim and others (2015) have combined the advantages of using LQR and the state
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observer on an a wheeled inverted pendulum. Kim clarified that LQR optimizes the
system response and ensures stability, however it requires an expensive
implementation as it needs the measurement of all system states. Instead of adding
more sensors, Kim has implemented reduced order observer to estimate the
immeasurable states only, which are the angular velocities of the pendulum and the
wheels. This represents a low-cost method of implementing LQR on inverted
pendulum system without compromising the performance. This combination will be
used in this study.
2.4 Previous Studies on dSPACE, Arduino and Simulink
As explained earlier in the Introduction Chapter, dSPACE has been one of the most
used controllers for rapid control prototyping in the professional and the academic
fields. Countless number of control theory studies have been implemented using
dSPACE, mainly due to the ease and speed of implementation through MATLAB
Simulink.
Shao and Others (2012) have implemented Proportional-Integral-Derivative (PID)
control for position servo system via dSPACE interfaced with Simulink and
ControlDesk. Altin and Sefa (2012), had a similar setup to implement neuro-fuzzy
controller of grid interactive inverter, while A. Ghani and others (2009) have
developed three phase photovoltaic inverter.
On the other side, and due to its relatively low cost, Arduino became one of the most
popular microcontrollers used in the educational and academic research field with
possible applications on several types of systems. Galadima (2017) has discussed in
depth the use of Arduino as a learning tool, explaining the advantages of Arduino
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compared to other microcontrollers, and the possible applications of the same.
Arduino can be programmed by code writing using the Arduino Integrated
Development Environment (IDE), which was the programming method used by
Lahfaoui and others (2016) to control the Maximum Power-Point Tracking Wind
Turbine. Lahfaoui and others have mentioned that several attempts of controlling this
system were implemented on dSPACE and FPGA which are relatively expensive, and
the objective of their work was to implement the same using Arduino, and they have
successfully achieved that.
On the other hand, most recent educational research work have utilized the
compatibility of Arduino with Simulink using the developed Simulink Library for
Arduino.
Garvan and Others (2017) have developed PI Controller for DC motor speed using
Arduino with Simulink. The purpose of their work was to develop a lab setup to
implement several exercises for students, where all controller parameters can be
altered in real time, and the effect on the output signal can be observed almost instantly.
In a similar manner, Zulkifli (2014) and others have studied Arduino’s capabilities to
implement an advanced control strategy for three phase inverter. Simulink was used
to implement the control law on Arduino using External Mode. Zulkifli and others
have concluded that Arduino can be used as a low cost microcontroller to implement
advanced control techniques as it has great capabilities and performance, specially
when combined with MATLAB. They have also concluded that MATLAB Simulink
is the easiest method to apply the control law on Arduino specially for beginners and
students.
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Chapter 3: Mathematical Modeling
Since model-based control is intended here, a mathematical model that faithfully
captures the dynamics of the system needs to be obtained and verified. A procedure to
estimate the model parameters is also developed and implemented. The mechanical
rigid-body dynamics that result from the interactions of the movements of the
pendulum and the cart, and the electrical dynamics of the motor and drive system are
both considered and combined to obtain the full model.
In this chapter, a mathematical model for the mechanical system is obtained first using
the Newton-Euler and the Lagrangian formulations. The two method are both used to
validate the obtained model by comparing the results from the two formulations
against each other.
3.1 The Lumped Parameter Model
The components of the mechanical system are lumped into two rigid bodies, a cart that
moves along a horizontal axis x, which has a mass M, and a pendulum that freely rotate
about a pivoted join with respect to the cart with an angle , and which has a mass m
and a mass moments of inertia JG calculated at the center of mass G. As shown in
Figure 7, the kinematic and dynamic parameters of these two bodies and the two
coordinates that completely define the position of the two bodies are shown and
defined below.
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Figure 7: Free Body Diagram of Inverted Pendulum on Cart
where:
x

Cart Displacement

m

𝜃

Pendulum’s tilt angle

rad

F

Input Force to the cart

N

M

Cart mass

kg

m

Pendulum’s mass

kg

JG

Pendulum’s mass moment of inertia taken at G

kg.m2

O

Pendulum’s center of rotation

-

G

Pendulum’s center of gravity

-

l

Distance between pendulum’s center of rotation to center
of gravity

m

B

Equivalent viscous damping coefficient at motor

Nms/rad

3.1.1 Lagrangian Method
This method has been used in the literature to obtain the mathematical model of various
variations of the inverted pendulum on cart in order to design a control law for the
respective system (Kumar & Jerome, 2013), due to the simplicity of the method. The

20
Lagrangian formulation basically describes the system dynamics in terms of work and
energy using the generalized coordinates of the system. “Therefore, all the workless
forces and constraint forces are automatically eliminated in this method. The resultant
equations are generally compact and provide a closed-form expression in terms of joint
torques and joint displacements. Furthermore, the derivation is simpler and more
systematic than in the Newton-Euler method” (Asada & Leonard, 2005). Starting from
this definition, both potential and kinetic energy equations of the cart-inverted
pendulum system are written first. The potential energy equation is simply written as:

𝑃 = 𝑚𝑔𝑙𝑐𝑜𝑠𝜃

(6)

Whereas the kinetic energy equation is formulated as:
1

1

1

𝑇 = 2 𝑀𝑣 2 + 2 𝐽𝐺 𝜔2 + 2 𝑚𝑣𝐺2

(7)

In the previous equation, the square of the velocity 𝑣𝐺2 at the center of gravity of the
pendulum could be derived as follows:
2

2

𝑑
𝑑
= ( (𝑥 + 𝑙 𝑠𝑖𝑛𝜃)) + ( (𝑙 𝑐𝑜𝑠𝜃)) = (𝑣 + 𝜔𝑙 𝑐𝑜𝑠𝜃)2 + (−𝜔𝑙 𝑠𝑖𝑛𝜃)2
𝑑𝑡
𝑑𝑡

(8)

𝑣𝐺2 = 𝑣 2 + 2𝑣𝜔𝑙 𝑐𝑜𝑠𝜃 + 𝜔2 𝑙2 𝑐𝑜𝑠 2 𝜃 + 𝜔2 𝑙 2 𝑠𝑖𝑛2 𝜃 = 𝑣 2 + 2𝑣𝜔𝑙 𝑐𝑜𝑠𝜃 + 𝜔2 𝑙 2

(9)

𝑣𝐺2

Using this expression for 𝑣𝐺2 , the kinetic energy equation is now written in terms of the
generalized coordinates as:

1

1

1

1

𝑇 = 2 𝑀𝑣 2 + 2 𝐽𝐺 𝜔2 + 2 𝑚𝑣 2 + 𝑚𝑣𝜔𝑙 𝑐𝑜𝑠𝜃 + 2 𝑚𝜔2 𝑙 2

(10)

Considering the equivalent viscous damping coefficient at motor B which results in a
negative dissipative damping force on the cart Bv, the below Lagrangian equations can
be applied.

21
𝑑

𝜕𝑇

𝜕𝑇

𝜕𝑃

𝐹 − 𝐵𝑣 = 𝑑𝑡 (𝜕𝑣 ) − 𝜕𝑥 + 𝜕𝑥
𝑑

𝜕𝑇

𝜕𝑇

𝜕𝑃

(11)

0 = 𝑑𝑡 (𝜕𝜔) − 𝜕𝜃 + 𝜕𝜃

(12)

𝐹 − 𝐵𝑣 = 𝑀𝑣̇ + 𝑚𝑣̇ + 𝑚𝜔̇ 𝑙 𝑐𝑜𝑠𝜃 − 𝑚𝜔2 𝑙 𝑠𝑖𝑛𝜃

(13)

0 = 𝐽𝐺 𝜔̇ + 𝑚𝑣̇ 𝑙 𝑐𝑜𝑠𝜃 − 𝑚𝑣𝜔𝑙 𝑠𝑖𝑛𝜃 + 𝑚𝜔̇ 𝑙 2 + 𝑚𝑣𝜔𝑙𝑠𝑖𝑛𝜃 − 𝑚𝑔𝑙𝑠𝑖𝑛𝜃

(14)

to get

and

Rearranging the above:
𝐹 = (𝑀 + 𝑚) 𝑣̇ + 𝑚𝑙𝑐𝑜𝑠𝜃 𝜔̇ − 𝑚𝑙𝜔2 𝑠𝑖𝑛𝜃 + 𝐵𝑣

(15)

0 = 𝑚𝑙 𝑐𝑜𝑠𝜃 𝑣̇ + (𝐽𝐺 + 𝑚𝑙 2 ) 𝜔̇ − 𝑚𝑙𝑔𝑠𝑖𝑛𝜃

(16)

Since the control technique planned to be applied on this system is a linear control,
these equations are linearized around an operation point. As the target is to keep the
pendulum in the upright position, the pendulum tilt angle 𝜃 is assumed to be close to
the operating point value 𝜃̅ = 0 all the time, with a control objective to keep it minimal
and close to zero, and by taking 𝜔2 ≈ 0, we arrive at the following linearized model.

𝐹 = (𝑀 + 𝑚) 𝑣̇ + 𝑚𝑙 𝜔̇ + 𝐵𝑣

(17)

0 = (𝐽𝐺 + 𝑚𝑙 2 ) 𝜔̇ + 𝑚𝑙 𝑣̇ − 𝑚𝑙𝑔𝜃

(18)

Rearranging Equation (18) as:
𝑣̇ =
and

−(𝐽𝐺 +𝑚𝑙2 )
𝑚𝑙

𝜔̇ + 𝑔𝜃

(19)
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𝜔̇ = (𝐽

−𝑚𝑙

𝐺 +𝑚𝑙

2)

𝑣̇ + (𝐽

𝑚𝑙𝑔

𝐺 +𝑚𝑙

2)

𝜃

(20)

Now, by substituting the last two equations into Equation (17) we get the following
linear equations.
(𝑀+𝑚)(𝐽𝐺 +𝑚𝑙2 )−𝑚2 𝑙2

𝐹=

𝐹=

(𝐽𝐺

+𝑚𝑙2 )

−(𝐽𝐺 +𝑚𝑙2 )(𝑀+𝑚)+𝑚2 𝑙2
𝑚𝑙

𝑚2 𝑙2 𝑔𝜃
2
𝐺 +𝑚𝑙 )

𝑣̇ + (𝐽

+ 𝐵𝑣

(21)

𝜔̇ + 𝑔(𝑀 + 𝑚)𝜃 + 𝐵𝑣

(22)

Noting that (𝐽𝐺 + 𝑚𝑙 2 )(𝑀 + 𝑚) − 𝑚2 𝑙 2 = (𝑀 + 𝑚)𝐽𝐺 + 𝑚𝑀𝑙 2 and rearranging, the
linearized differential equations can be obtained as:

((𝑀 + 𝑚)𝐽𝐺 + 𝑚𝑀𝑙 2 )𝑣̇ = −𝐵(𝐽𝐺 + 𝑚𝑙 2 )𝑣 − 𝑚2 𝑙 2 𝑔 𝜃 + (𝐽𝐺 + 𝑚𝑙 2 ) 𝐹

(23)

−((𝑀 + 𝑚)𝐽𝐺 + 𝑚𝑀𝑙 2 )𝜔̇ = −𝐵𝑚𝑙 𝑣 − 𝑚𝑙𝑔(𝑀 + 𝑚) 𝜃 + 𝑚𝑙 𝐹

(24)

To put the model in state space form, we use the last two equations with the relations
𝑥̇ = 𝑣 and 𝜃̇ = 𝜔 which yields the following state space model.
0
𝑥̇
0
𝑣̇
[ ̇] =
𝜃
0
𝜔̇
[0

1

0

−𝐵(𝐽𝐺 +𝑚𝑙2 )
(𝑀+𝑚)𝐽𝐺 +𝑚𝑀𝑙2

−𝑚2 𝑙2 𝑔
(𝑀+𝑚)𝐽𝐺 +𝑚𝑀𝑙2

0

0
𝐵𝑚𝑙
(𝑀+𝑚)𝐽𝐺 +𝑚𝑀𝑙2

𝑚𝑙𝑔(𝑀+𝑚)
(𝑀+𝑚)𝐽𝐺 +𝑚𝑀𝑙2

𝑦1
1 0 0
[𝑦 ] = [
0 0 1
2

0
0
1
0]

𝑥
𝑣
[𝜃 ] +
𝜔

0

𝐽𝐺 +𝑚𝑙2
(𝑀+𝑚)𝐽𝐺 +𝑚𝑀𝑙2

0

𝐹

(25)

−𝑚𝑙

[(𝑀+𝑚)𝐽𝐺 +𝑚𝑀𝑙2 ]

𝑥
0
0 𝑣
] [𝜃 ] + [ ] 𝐹
0
0
𝜔

(26)

Equations (25) and (26) can be compactly written as:
𝑞̇ = 𝐴 𝑞 + 𝐵 𝑢
(27)
𝑦 =𝐶𝑞+𝐷𝑢
In Equation (27), q is the state vector which is defined as 𝑞 = [𝑥, 𝑣, 𝜃, 𝜔]𝑇 .
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3.1.2 Newton-Euler Method
Newton-Euler method has been also used in the literature to obtain the mathematical
model of similar systems (Messner & Tilbury, n.d.). “The Newton-Euler formulation
is derived by the direct interpretation of Newton's Second Law of Motion, which
describes dynamic systems in terms of force and momentum” (Asada & Leonard,
2005). The equations consider all force and moment components acting on the
individual multibody links, including the interaction forces and moments between the
links.
The same lumped parameter model is used here, but with the pendulum and cart
detached from each other to show the reaction force components at the joint as shown
in Figure 8.

Figure 8: Free Body Diagram of Inverted Pendulum on Cart System Showing All
Forces and Moments
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Since Newton-Euler is based on the application of Newton’s second law, all forces and
reaction forces acting on each part of the system have to be added. The result of the
derivation shown below is compared to the differential equations obtained previously
using the Lagrangian method.
From the horizontal forces on the cart the following equation is obtained.
𝑀𝑥̈ + 𝐵𝑥̇ + 𝐻 = 𝐹

(28)

The horizontal forces on the pendulum yields the following equation:
𝐻 = 𝑚𝑥̈ + 𝑚𝑙𝜃̈ cos 𝜃 − 𝑚𝑙𝜃 2̇ sin 𝜃

(29)

Combining these two equations to eliminate H, we obtain this equation:
(𝑀 + 𝑚)𝑥̈ + 𝐵𝑥̇ + 𝑚𝑙𝜃̈ cos 𝜃 − 𝑚𝑙𝜃 2̇ sin 𝜃 = 𝐹

(30)

Now, summation of the vertical force components on the pendulum yields the
following equation:
−𝑉 sin 𝜃 + 𝐻 cos 𝜃 + 𝑚𝑔 sin 𝜃 = 𝑚𝑙𝜃̈ + 𝑚𝑥̈ cos 𝜃

(31)

Taking the moments about the center of the pendulum gives us the following equation:
𝑉𝑙 sin 𝜃 − 𝐻𝑙 cos 𝜃 = 𝐽𝐺 𝜃̈

(32)

Now by combining the last two equations to eliminate V and H, we get the following
equation:
(𝐽𝐺 + 𝑚𝑙 2 )𝜃̈ − 𝑚𝑔𝑙 sin 𝜃 = −𝑚𝑙𝑥̈ cos 𝜃

(33)
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These two differential equations (30) and (33) represent the dynamics of the system.
As with the previous method, since state space feedback control will be used, the
system has to be linearized around a suitable operating point.
Similar to the previous method, the system here will be linearized around 𝜃 = 0. Using
this assumption, the following approximations can be used:
cos 𝜃 ≈ 1, sin 𝜃 ≈ 𝜃 and 𝜃̇ 2 ≈ 0
Using the above assumptions on Equations (30) and (33), the following two linearized
Newton-Euler equations that describe the system dynamics are shown below
(𝐽𝐺 + 𝑚𝑙 2 )𝜃̈ − 𝑚𝑔𝑙𝜃 = −𝑚𝑙𝑥̈

(34)

(𝑀 + 𝑚)𝑥̈ + 𝐵𝑥̇ + 𝑚𝑙𝜃̈ = 𝐹

(35)

By considering that 𝜃̈ = 𝜔̇ and 𝑥̈ = 𝑣, the above equations are identical to Equations
(17) and (18) obtained using the Lagrangian method. As such the state space
representation will also identical, which validate the correctness of the model
derivation.
3.1.3 Modeling the Inverted Pendulum System Considering DC Motor Dynamics
In order to incorporate the DC motor dynamics into the model we look first at a model
for a DC motor driven cart through a pulley-cable system, where the pendulum is
detached from the cart. As shown in Figure 9, the DC motor has a gearhead with a gear
ratio N. It is assumed that a positive clock-wise rotation of the motor shaft results in
positive rotation of the pulley attached to the gearhead output shaft which in turn
results in positive displacement of the cart in the x-direction. Positive motor torque 𝜏𝑚
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on the rotor will result in positive rotation of the motor shaft Jm and will be resisted by
a negative torque 𝜏𝑜 .

Figure 9: Cart system with a model for the DC motor dynamics

This amounts to the following equation

𝜏𝑚 − 𝜏𝑜 = 𝐽𝑚 𝜔̇ 𝑚

(36)

The output torque from the gearhead 𝑁𝜏𝑜 , which is N times the output torque from the
motor, results in a cable tension force F that moves the cart in the positive direction
and is resisted by a viscous friction force bv. This amounts to the following equation.

𝑁𝜏𝑜
𝑟

− 𝑏𝑣 = 𝑀𝑣̇

(37)

The input voltage will drop due to the motor resistance and the effect of the back EMF.
The balance voltage can be calculated using KVL as shown in Figure 10.
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Figure 10: DC motor armature circuit model (Lund & others, 2010)

where:
𝑒

Input Voltage to the Motor

V

𝐼𝑚

Current through Motor

A

𝑅𝑚

Motor Resistance

Ω

𝐿𝑚

Inductance

H

𝜀

Back EMF

V

𝐾𝑏

Motor Back EMF Constant

V.s

𝜔𝑚

Motor’s angular velocity

Rad/s

When voltage is applied to the motor terminals, small voltage drop occurs due to the
motor’s resistance and inductance. The balance voltage starts the motor and the electric
energy is converted to kinetic energy represented by the motor rotation. However, as
the motor rotates, it acts like a generator, and a voltage is generated across motor’s
terminals, which is called back electromotive force. Back EMF is acting on the
opposite direction of the input voltage, resulting in a further voltage drop. The Back
EMF voltage is proportional to the motor’s angular velocity by a factor defined as
motor back EMF constant 𝐾𝑏 :

𝜀 = 𝐾𝑏 𝜔𝑚

(38)
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The voltage drop due to the inductance Lm is very small compared to the the other
voltage drops and therefore it is usually neglected. The motor voltage balance equation
is obtained using Kirchhoff voltage law with 𝐾𝑏 𝜔𝑚 representing the back EMF voltage
drop:

𝑒 − 𝑖𝑅 − 𝐾𝑏 𝜔𝑚 = 0

(39)

Combining the last two equations with the above, and using the relations 𝑣 = 𝑟𝜔𝑜 ,
𝜔𝑚 = 𝑁𝜔𝑜 , and 𝜏𝑚 = 𝐾𝑡 𝑖 we arrive at the following equation:
𝑟𝑁𝐾𝑡
𝑁 2 𝐾𝑏 𝐾𝑡 +𝑟 2 𝑅𝑏

𝑟 2 𝑀+𝑁 2 𝐽𝑚

𝑒 = 𝑅(

𝑁 2 𝐾𝑏 𝐾𝑡 +𝑟 2 𝑅𝑏

) 𝑣̇ + 𝑣

(40)

This differential equation is a first order linear differential equation with the motor
voltage e as the input and the cart velocity v as the output. It can be written in a standard
first order form as:

𝐾𝑜 𝑒 = 𝑇 𝑣̇ + 𝑣

(41)

where the time constant T and the open loop gain Ko are obtained as:
𝑟 2 𝑀+𝑁 2 𝐽𝑚

𝑇 = 𝑅 (𝑁 2 𝐾

𝑏 𝐾𝑡 +𝑟

𝐾𝑜 = 𝑁2 𝐾

2 𝑅𝑏

𝑟𝑁𝐾𝑡

𝑏 𝐾𝑡 +𝑟

2 𝑅𝑏

)

(42)

(43)

Our motive to develop this modeling equation is the possibility to find the time
constant T and the open loop gain Ko from performing a simple velocity step response
experiment on the cart alone without the pendulum, as is reported in a subsequent
chapter.
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After obtaining the cart and DC motor dynamics, the obtained equations are used to
obtain the overall mathematical model of the system considering DC motor dynamics,
as shown in Figure 11.

Figure 11: Overall Model of Inverted Pendulum on Cart Considering DC Motor
Dynamics

Including the reaction force from the pendulum on the cart, the dynamic force balance
on the cart leads to the following equation

𝑁𝜏𝑜
𝑟

− 𝑏𝑣 − 𝐻 = 𝑀𝑣̇

(44)

The force balance on the pendulum in the horizontal direction leads also to the
following equation.

𝐻 = 𝑚 𝑎𝐺 = 𝑚(𝑣̇ + 𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑙𝜃̇ 2 𝑠𝑖𝑛𝜃)
Combining the two equations, we get the following:

(45)
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𝑟

𝜏𝑜 = 𝑁 (𝑀 + 𝑚)𝑣̇ +

𝑟𝑏

𝑟
𝑟
𝑣 + 𝑁 𝑚𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑁 𝑚𝑙𝜃̇ 2 𝑠𝑖𝑛𝜃

𝑁

(46)

Using Equations (36) and (39) with (46) we get:
𝑟𝑁𝐾𝑡

(𝑁2 𝐾

+𝑟 2 𝑅𝑏

𝑏 𝐾𝑡
𝑟 2 𝑅𝑚𝑙

(𝑁2 𝐾

𝑟 2 𝑀+𝑁2 𝐽𝑚 +𝑟 2 𝑚

)𝑒 = 𝑅(

𝑁 2 𝐾𝑏 𝐾𝑡 +𝑟 2 𝑅𝑏

) 𝑣̇ + 𝑣 +

2

𝑟 𝑅𝑚𝑙
) 𝜃̈𝑐𝑜𝑠𝜃 − (𝑁2 𝐾 𝐾 +𝑟 2 𝑅𝑏) 𝜃̇ 2 𝑠𝑖𝑛𝜃
𝐾 +𝑟 2 𝑅𝑏

𝑏 𝑡

(47)

𝑏 𝑡

Equation (47) can be compactly written as:
𝐾𝑜 𝑒 = (𝑇 + 𝑄) 𝑣̇ + 𝑣 + 𝑄𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑄𝑙𝜃̇ 2 𝑠𝑖𝑛𝜃

(48)

where T and Ko are as defined in (42) and (43), and Q is defined as:
𝑟 2 𝑅𝑚𝑙

𝑄 = 𝑁2 𝐾

𝑏 𝐾𝑡 +𝑟

2 𝑅𝑏

(49)

Now by peforming force balance in a normal direction to the pendulum and a torque
balance at the center of mass of the pendulum will give the following two eqations.

−𝑉 𝑠𝑖𝑛𝜃 + 𝐻 𝑐𝑜𝑠𝜃 + 𝑚𝑔 𝑠𝑖𝑛𝜃 = 𝑚(𝑣̇ 𝑐𝑜𝑠𝜃 + 𝑙𝜃̈)

(50)

𝑉𝑙 𝑠𝑖𝑛𝜃 − 𝐻𝑙 𝑐𝑜𝑠𝜃 = 𝐽𝐺 𝜃̈

(51)

(𝐽𝐺 + 𝑚𝑙 2 ) 𝜃̈ − 𝑚𝑔𝑙 𝑠𝑖𝑛𝜃 = −𝑚𝑙𝑣̇ 𝑐𝑜𝑠𝜃

(52)

Combine (50) and (51) to get:

Using the parallel axis theroem that relates JG and JO as 𝐽𝑂 = 𝐽𝐺 + 𝑚𝑙 2, we obtain from
Equations (48) and (52) the full nonlinear modeling equations of the system as:
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𝐾𝑜 𝑒 = (𝑇 + 𝑄) 𝑣̇ + 𝑣 + 𝑄𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑄𝑙𝜃̇ 2 𝑠𝑖𝑛𝜃

(53)

𝐽𝑂 𝜃̈ − 𝑚𝑔𝑙 𝑠𝑖𝑛𝜃 = −𝑚𝑙𝑣̇ 𝑐𝑜𝑠𝜃

(54)

Using cos 𝜃 ≈ 1, sin 𝜃 ≈ 𝜃, and 𝜃̇ 2 ≈ 0, we obtain the linearized model as:

𝐾𝑜 𝑒 = (𝑇 + 𝑄) 𝑣̇ + 𝑣 + 𝑄𝑙𝜃̈

(55)

𝐽𝑂 𝜃̈ − 𝑚𝑔𝑙 𝜃 = −𝑚𝑙𝑣̇

(56)

Solving Equations (55) and (56) for 𝑣̇ and 𝜃̈, we obtain the following:
1

𝑣̇ = 𝐽

𝑂 (𝑇+𝑄)−𝑚𝑙

2𝑄

(−𝐽𝑂 𝑣 − 𝑄𝑔𝑚𝑙 2 𝜃 + 𝐾𝑜 𝐽𝑂 𝑒)

1
(𝑚𝑙𝑣
2𝑄
(𝑇+𝑄)−𝑚𝑙
𝑂

𝜔̇ = 𝐽

+ (𝑇 + 𝑄)𝑔𝑚𝑙 𝜃 − 𝐾𝑜 𝑚𝑙 𝑒)

(57)

(58)

Considering that 𝑥̇ = 𝑣 and 𝜃̇ = 𝜔, Equations (57) and (58) can be written in the state
space form as:
0
𝑥̇
0
𝑣̇
[ ̇] =
0
𝜃
𝜔̇
[0

1

0

−𝐽𝑂
2𝑄
(𝑇+𝑄)−𝑚𝑙
𝐽𝑂

−𝑄𝑔𝑚𝑙2
𝐽𝑂 (𝑇+𝑄)−𝑚𝑙2 𝑄

0

0

𝑚𝑙

(𝑇+𝑄)𝑔𝑚𝑙

𝐽𝑂 (𝑇+𝑄)−𝑚𝑙2 𝑄

𝐽𝑂 (𝑇+𝑄)−𝑚𝑙2 𝑄

1
𝑦=[
0

0 0
0 1

0

0
𝑥
𝐾𝑜 𝐽𝑂
0 𝑣
𝐽 (𝑇+𝑄)−𝑚𝑙2 𝑄
[𝜃 ] + 𝑂
𝑒
0
1
−𝐾
𝑚𝑙
𝑜
0] 𝜔
[𝐽𝑂 (𝑇+𝑄)−𝑚𝑙2 𝑄]

𝑥
0 𝑣
0
][ ] + [ ]𝑒
0 𝜃
0
𝜔

(59)

(60)

In summary, this chapter has covered derivation of the mathematical model for the
inverted pendulum on cart system. Initially, the system model is obtained considering
the force that moves the cart as the input to the system. The derivation of this model
was done using Lagrangian method, then Newton-Euler method. Both methods have
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led to the same mathematical model of the system. Following that, the system DC
motor dynamics were considered to get an accurate model, and to obtain a
mathematical model considering the actual input to the system which is the voltage
applied on the DC motor terminals. The motor dynamics equations were derived, then
Newton-Euler method was followed to get a complete model of the full system
considering the input as the voltage. Several unknown parameters are present in the
model, which turn to be a fourth order model. The mathematical model for the cart
without the pendulum is also derived separately since it is a first order differential
equation having unknown fundamental parameters that could be combined into two
parameters, namely the time constant and the open loop gain. Both parameters are
obtained by conducting velocity step response of the cart without the pendulum. The
value of the combined parameters is found, and substituted in the full model as well to
reduce the number of parameters to the identified ones in the final full numerical
system model. This model is used to design the control laws as will be shown in the
next chapters.
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Chapter 4: Experimental Lab Setup

In this chapter, a description of the used setup is presented. The procedures to estimate
the system’s parameters, and to calibrate the process sensors are described. This
includes the velocity step responses to estimate the parameters of the motor and cart
system. The chapter also presents an overview of the two controllers that are used in
this study which are namely Arduino DUE and dSPACE DS1104, as well as the
software used to build the control logic which includes MATLAB Simulink® support
packages for the two controllers.
4.1 System Setup
Since a main objective of the study is to conduct a comparison between two types of
controllers’ implementations, both controllers were used to control the same setup
including the motor, the drive, and the sensors using the same sets of control strategies.
The results for the two sets were captured, analyzed and compared. This also applies
to the programming environment which is used in both cases. MATLAB/Simulink
real-time support is used for both dSPACE and Arduino implementations.
ControlDesk is used to monitor and capture the results of dSPACE controller. The
Arduino Simulink Support Package, which is used to integrate Arduino DUE with
Simulink, provides a provision to exchange data between Arduino and Simulink
through the serial link.
For the purpose of benchmarking the two controller implementations a system
consisting of an inverted pendulum on a cart, which is developed and built in the lab,
is used. Figure 12 shows a photo of the cart-inverted pendulum setup built in UAEU
mechanical engineering labs. The pendulum is a round Aluminum bar of 60 cm, which
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together with the plastic joint and potentiometer were salvaged from an old
commercial setup. The cart and track are cut from acrylic material and the passive
pulley and its mount are made from 3D printed PLA material.

Figure 12: The Cart-Inverted Pendulum Setup Consisting of a Horizontal Track,
Cart, Geared DC Motor, Drum, Pulley, Cable, and Potentiometers

The cart is driven by a DC motor through a cable-pulley system. The DC motor used
is Pololu 12V brushed DC motor with a 30:1 metal gearbox and an integrated
quadrature encoder that provides a resolution of 64 counts per revolution. The cart has
nine roller bearings that constrain its motion with respect to the horizontally mounted
track and allow it to have horizontal motion with negligible friction. The resulting
mobility in the x-direction is actuated by the cable-pulley system. In order to give the
cart right and left motion; an idle pulley is used to wrap the cable back to drum which
is mounted directly on the motor output shaft. The pendulum is attached to the cart
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through a passive one degree-of-freedom pin joint. The system has one input, namely
the voltage input to the DC motor, and two outputs, which are the pendulum angle θ,
and the cart position x. This makes the system underactuated and SIMO system. Since
the pendulum is required to be in an inverted upward orientation, the system is
unstable. In addition, the system has nonlinear dynamics, as shown through the
mathematical model derivation.
Two potentiometers were used as position feedback sensors in this setup. One is
mounted on the pendulum joint to measure the pendulum tilt angle θ, while the other
is mounted on the idle pulley, on the opposite side of the DC motor, to measure the
cart’s displacement. The motor drive used is Pololu High-Power Motor Driver 18v15,
which is discrete MOSFET H-bridge for control of one high-power DC brushed motor.
From the derived mathematical model and the formulation presented in Chapter 3, we
reduced the system parameters to be estimated to three parameters namely the motor
back EMF constant 𝐾𝑏 and torque constant Kt, the open loop Gain 𝐾𝑜 and the time
constant 𝑇 of the cart velocity transfer function with the motor voltage as input.
4.2 Obtaining Motor Constants Kb and Kt
Motor has two constants, Kb and Kt, which are considered equal in value. This
approximation is valid when the mechanical power Pm is assumed to be fully converted
into electrical power Pe without losses. Following that, the below equations can be
used to conclude that Kb and Kt are approximately equal in value.
𝑃𝑚 = 𝜏𝜔 and 𝑃𝑒 = 𝐼𝑉

(61)

𝑃𝑚 = 𝑃𝑒 → 𝜏𝜔 = 𝐼𝑉

(62)
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𝜏 = 𝐾𝑡 𝐼 and 𝑉 = 𝐾𝑏 𝜔

(63)

∴ 𝐾𝑏 ≈ 𝐾𝑡

(64)

To estimate the motor constant Kb, and consequently Kt, a pendulum is mounted on
the motor and hanged downward as shown in Figure 13. It was manually moved in
oscillatory motion to generate a sinusoidal voltage output signal across the motor
terminals.

Figure 13: Pendulum is moved in oscillatory motion to generate sinusoidal wave
across the motor

The output voltage is measured using an oscilloscope and is shown in Figure 14.
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Figure 14: The Generated Sinusoidal Voltage Across Motor Terminals

Assuming the fundamental frequency component of this oscillatory motion could be
written as 𝜔 = 𝐴𝜃 Ω 𝑐𝑜𝑠(Ω𝑡), the fundamental frequency component of the
corresponding output voltage as measured on the oscilloscope is also approximated as
𝑣 = 𝐴𝑣 𝑐𝑜𝑠(Ω𝑡). Since the generated voltage can be related to the motor angular
velocity 𝜔 using the relation:

𝑣 = 𝐾𝑏 𝜔

(65)

The following relation could be used to find Kb:

𝐴𝑣 = 𝐾𝑏 𝐴𝜃 Ω

(66)

The captured voltage signal has a fundamental frequency f = 0.762 Hz with amplitude
Av of 1.5V, which are measured by the oscilloscope. The amplitude of the input motion
is estimated as 𝐴𝜃 = 0.4 rad * 30 = 12 radians, with 30 being the motor’s gear ratio.
Ω = 2𝜋𝑓 = 2𝜋 × 0.762 = 4.785 𝑟𝑎𝑑/𝑠

(67)
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𝑉𝑜𝑙𝑡𝑎𝑔𝑒 𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = 𝐾𝑏 𝐴𝜃 Ω = 12 × 4.785 × 𝐾𝑏 = 1.5𝑉 → 𝐾𝑏 = 0.026V/rad/s

(68)

𝐾𝑡 = 0.026 𝑁𝑚/𝐴

4.3 Velocity Step Response of the Cart
As shown in Chapter 3, the parameters of the mathematical model of the system
dynamics for the cart can be lumped into two parameters. These are the open loop gain
𝐾𝑜 , and time constant 𝑇. Both parameters are obtained from an experimental velocity
step response done on the cart system without the pendulum which is detached from
the cart. This identification procedure is done for both controllers used.
4.3.1 Velocity Step Response Using Arduino DUE
The step response procedure aims at plotting a curve of cart’s velocity (without
pendulum) as a response to step voltage input. The steady state velocity will be used
to determine the system’s open loop gain and 𝐾𝑜 , which will be the ratio of the change
in velocity to the step change of the input voltage. Since the cart is starting from rest
in the below case, the steady state velocity is equal to the change in velocity. The time
constant 𝑇 will be equal to the time elapsed from the start of the step 𝑡𝑖 up to the time
at which the cart has reached 63% of the steady state velocity. These can be expressed
by the following equations.
𝐾𝑜 =

𝑆𝑡𝑒𝑎𝑑𝑦 𝑆𝑡𝑎𝑡𝑒 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑠𝑠

(69)

𝐼𝑛𝑝𝑢𝑡 𝑉𝑜𝑙𝑡𝑎𝑔𝑒 𝑒𝑖𝑛

𝑇 = (𝑡 @ 63% 𝑜𝑓 𝑣𝑠𝑠 ) − 𝑡𝑖

(70)

Arduino DUE was connected to the cart through motor drive, and a simple Simulink
model was made to give a step voltage by PWM = 100 for two seconds (Figure 15).
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Figure 15: Cart's Velocity Step Response Block Diagram of Arduino DUE

Since the PWM pin in Arduino is 8 bit, the maximum PWM value is 255. The motor
drive was fed by a DC voltage source of 13.3 V, so the step input voltage is

𝑒𝑖𝑛 =

100
× 13.3 = 5.2 𝑉
255

Displacement and velocity response are shown in Figure 16 and Figure 17.
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Figure 16: Cart's Displacement due to the Step Voltage of Arduino

Figure 17: Cart's Velocity due to the Step Voltage of Arduino

It can be noted from the velocity plot that the steady state velocity is a little more than
20 cm/s. The steady state velocity can be accurately obtained by calculating the slope
of the position, which is the velocity.
𝑣𝑠𝑠 =

𝑥2 −𝑥1
𝑡2 −𝑡1

=

66.25−52.3
2.39−1.75

= 21.8 𝑐𝑚/𝑠
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𝐾𝑜 =

𝑆𝑡𝑒𝑎𝑑𝑦 𝑆𝑡𝑎𝑡𝑒 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑠𝑠
𝐼𝑛𝑝𝑢𝑡 𝑉𝑜𝑙𝑡𝑎𝑔𝑒 𝑒𝑖𝑛

=

0.218 𝑚/𝑠
5.2 𝑉

= 0.0419 𝑚. 𝑉/𝑠

𝑇 = 𝑡 @ 63% 𝑜𝑓 𝑣𝑠𝑠 = 𝑡@(13.7 𝑐𝑚/𝑠) = (1.29 𝑠 − 1 𝑠) = 0.29 𝑠
4.3.2 Velocity Step Response Using dSPACE
The above procedure was repeated for dSPACE to obtain the open loop gain and time
constant. It is expected to find shorter time constant for dSPACE compared to Arduino,
as it has higher capabilities. A model was built by Simulink and uploaded to dSPACE
to apply a step voltage of PWM = 0.4. In dSPACE, PWM signal is given as a
percentage or duty cycle, so the input voltage to the motor terminals is

𝑒𝑖𝑛 =

0.4
× 13.3 = 5.32 𝑉
1

The position and velocity response were recorded using CotnrolDesk® and plotted as
shown on Figure 18 and Figure 19.
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Figure 18: Cart's Displacement due to the Step Voltage of dSPACE

Figure 19: Cart's Velocity Response due to the Step Voltage in dSPACE

𝑣𝑠𝑠 =

𝐾𝑜 =

𝑥2 −𝑥1
𝑡2 −𝑡1

65.4−53.32

= 11.67−11.13 = 22.37 𝑐𝑚/𝑠

𝑆𝑡𝑒𝑎𝑑𝑦 𝑆𝑡𝑎𝑡𝑒 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑠𝑠
𝐼𝑛𝑝𝑢𝑡 𝑉𝑜𝑙𝑡𝑎𝑔𝑒 𝑒𝑖𝑛

=

0.2237 𝑚/𝑠
5.32 𝑉

= 0.042 𝑚. 𝑉/𝑠

𝑇 = 𝑡 @ 63% 𝑜𝑓 𝑣𝑠𝑠 = 𝑡@(14 𝑐𝑚/𝑠) = (10.27 𝑠 − 10.08 𝑠) = 0.19 𝑠
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As expected, the open loop gain was almost the same for both DUE and dSPACE,
since motor drive and input voltage have not been changed. However, the dSPACE is
30% faster than DUE. This is due to the high capabilities of dSPACE compared to
Arduino DUE, as will be detailed in the last section of this chapter.
4.4 Calibration of Potentiometers
In this setup, potentiometers were used to measure the position of the cart and the tilt
angle of the pendulum. Each potentiometer has different range according to its total
resistance, the input voltage, and the microcontroller’s Analog-to-Digital Converter
(ADC) resolution.
4.4.1 Calibration of the Position Potentiometer
A potentiometer mounted on the idle pulley is used to measure the cart’s displacement.
Measuring the equivalent resistance of the potentiometer during cart’s movement
indicates the number of turns the pulley has done, which can be easily translated into
distance in centimeters or meters. The distance is always directly proportional to the
potentiometer resistance by a factor that can be calculated experimentally.
To estimate this factor, the cart was placed in a position considered as the zero point,
then the cart was moved by 20 cm. The reading of potentiometer was taken in both
positions. The readings were directly obtained from the controllers using the Simulink
real-time display block for Arduino, and ControlDesk Numeric Display block for
dSPACE. Using the captured readings, the position potentiometer factors are
calculated as below:

𝐷𝑈𝐸 𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑆𝑐𝑎𝑙𝑒 𝐹𝑎𝑐𝑡𝑜𝑟 =

𝑥2 − 𝑥1
0.3 − 0
=
= 0.000545 𝑚/𝑑𝑖𝑔𝑖𝑡
𝑣2 − 𝑣1 954 − 404
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𝑑𝑆𝑃𝐴𝐶𝐸 𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑆𝑐𝑎𝑙𝑒 𝐹𝑎𝑐𝑡𝑜𝑟 =

𝑥2 − 𝑥1
0.5
=
= 0.168 𝑚/𝑉
𝑣2 − 𝑣1 2.976

Before using these factors to convert the potentiometer reading to meters, a suitable
offset value is deducted from the position reading for each controller to keep the zero
position approximately in the middle of the track.
4.4.2 Calibration of the Pendulum Angle Potentiometer
Similar to the procedures performed before, an experiment was done on the pendulum
angle potentiometer to estimate the angle scale factor. The pendulum was placed in the
vertical upward equilibrium point, then tilted by an angle of 0.63 radian. The
potentiometer readings were captured in both positions, resulting in the following scale
factors:

𝐷𝑈𝐸 𝐴𝑛𝑔𝑙𝑒 𝑆𝑐𝑎𝑙𝑒 𝐹𝑎𝑐𝑡𝑜𝑟 =

𝜃2 − 𝜃1 0.63 𝑟𝑎𝑑 − 0
=
= 0.00412 𝑟𝑎𝑑/𝑑𝑖𝑔𝑖𝑡
𝑣2 − 𝑣1
513 − 360

𝑑𝑆𝑃𝐴𝐶𝐸 𝐴𝑛𝑔𝑙𝑒 𝑆𝑐𝑎𝑙𝑒 𝐹𝑎𝑐𝑡𝑜𝑟 =

𝜃2 − 𝜃1
0.63 𝑟𝑎𝑑 − 0
=
= 1.283 𝑟𝑎𝑑/𝑉
𝑣2 − 𝑣1 1.676 − 1.185

An offset value is set for the angle potentiometer reading to ensure that the reading
will be zero at the upward equilibrium position. It shall be noted here that the
potentiometers sampling frequency is set to one sample every 10 milliseconds in both
Arduino DUE and dSPACE.
4.5 Technical Overview of the Target Controllers
This section will summarize a technical overview describing the main features of the
two controllers used in this study, Arduino DUE and dSPACE, and it will also describe
some features of the programming software compatible with each, namely, Simulink
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and ControlDesk. The aim of this part is to clarify the expected differences in
performance between Arduino and dSPACE in controlling the inverted pendulum
setup, due to their different level of capabilities.
4.5.1 Arduino ®
One of the most popular controllers is the Arduino®. Arduino is a series of opensource, easy to program microcontrollers which are widely used in various applications
due to its low-cost, good capabilities, integrability with several sensors and devices,
and most importantly the wide range of libraries available to easily program Arduino
boards, and make them integrated with high processing software, such as MATLAB
Simulink for instance.
Arduino can be seen simply as a mini computer which has input and output ports, input
ports can be connected to sensors to obtain specific data, which will be processed to
generate commands sent through the output ports to actuators. It is also capable of
receiving and sending information over the internet with the help of various Arduino
shields (Louis, 2016).
Arduino has several types of boards with different capabilities and price range, all of
which can be programmed using C or C++ through the Arduino IDE. A summarized
comparison of several boards is shown in Table 1.
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Table 1: Comparison of Some Specifications between Arduino Mega, Uno and DUE
(Compare Board Specs, n.d.)
Name

Processor

Operating
Voltage

CPU
Speed
(MHz)

Analog
In/Out

ADC
Bits

Digital
IO/
PWM

PWM
Resolution
(Bits)

Processor
Bits

Mega
2560

ATmega2560

5V

16

16/0

10

54/15

8

8

Uno

ATmega328P

5V

16

6/0

10

14/6

8

8

DUE

ATSAM3X8E

3.3 V

84

12/2

10

54/12

8 (default)
to 12

32

Several types of Arduino boards have been used widely in various educational and
research control projects. The most widely used board of Arduino is Uno and Mega,
however, the selected board to be used in this study is Arduino DUE, which is shown
in Figure 20, due to its comparatively high capabilities.

Figure 20: Arduino DUE Board (OpenHacks, n.d.)

4.5.2 MATLAB Simulink® Software
Simulink as an additional tool added to MATLAB, developed by MathWorks. It is
used for programming using graphical representation of the desired models using builtin libraries, instead of writing codes. It is widely used in academic and industrial
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applications due to its simplicity and fast implementation. Simulink is widely used in
automatic control and digital signal processing for multidomain simulation and ModelBased Design (Simulink, 2018), as shown in Figure 21.

Figure 21: Example of Model-Based Design on Simulink (Rouleau, 2013)

Models are built in Simulink using blocks, each block represents a function that usually
takes several lines of written code to be executed. This makes Simulink an easier and
visual programming environment, especially for executing complicated control laws
that require heavy calculations. Many blocks are readily available in Simulink
Libraries, which classifies blocks into categories. Recently, developers have created
an additional library to integrate Arduino with MATLAB Simulink, as shown in Figure
22.
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Figure 22: Simulink Support Package for Arduino Hardware

4.5.3 dSPACE and ControlDesk®
dSPACE is a company producing prototyping products, which are mainly made for
the purpose of reducing the time consumed to test a new idea or develop a new concept.
It has wide range of tools, controllers, and Input/Output (I/O) modules, which are used
for developing, testing and calibrating electronic control units (ECUs) in the
automotive, aerospace, medical engineering, industrial automation and mechatronics,
as well as research and education fields (dSPACE, 2019).
One of their cost-effective products for entry level is the DS1104 R&D Controller
Board, which resembles a complete real-time control system on only one controller
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board. It consists of a board (Figure 23), and I/O module, the board has the
microcontroller and it can be installed on any available PCI or PCIe slot of any desktop
computer, which upgrades a PC to a development system for rapid control prototyping
(DS1104 R&D Controller Board, n.d.). The I/O module is used to connect the DS1104
to the rest of the control system elements such as the sensors and actuators. This
completes the full control system.

Figure 23: dSPACE DS1104 Controller Board (DS1104 R&D Controller Board, n.d.)

The DS1104 can be easily programmed without having to write any code. MATLAB
Simulink graphical models can be implemented directly on dSPACE microcontroller
using the embedded dSPACE library blocks in Simulink, shown in Figure 24. As
mentioned earlier the control is implemented and calculated in real-time which means
that all input/output values can be monitored, and parameters can be adjusted while
the controller is running without having to stop the system.
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Figure 24: dSPACE DS1104 Library in Simulink

Unlike Arduino, dSPACE real-time measurement is not directly accessible from
Simulink. Rather, a graphical user interface shall be built using ControlDesk, which is
a universal experiment software for measuring and changing variables during run time
by means of graphical instruments (dSPACE Prototyping Systems, n.d.), which will
be directly integrated with the Simulink model parameters and can directly capture the
real-time values of inputs and outputs, as the example shown in Figure 25.
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Figure 25: Example of System Real-time Monitoring Interface Created on
ControlDesk (Quijano & Passino, 2002)

Table 2 is a summary of the technical specifications of the DS1104 R&D Controller
Board.
Table 2: Some Technical Specifications of dSPACE DS1104 (DS1104 R&D
Controller Board, n.d.)
Name

Processor

DS1104

MPC8240
processor
with PPC
603e core
and on-chip
peripherals

Operating
Voltage

±10 V

CPU
Speed

250
MHz

ADC Channels

1x16-bit
•
Channel and
4x12-bit
Channels / 8x16
– bit Channels

Digital
IO
20-bit
parallel
I/O

DAC
Channels

Processor
Bits

8x16 bit
Channels

64-bit
floatingpoint
processor

Based on the above specifications of Arduino DUE and dSPACE, it is expected that
dSPACE will present a faster response in stabilizing the inverted pendulum. The two
microcontrollers will be tested using various control techniques to validate this
assumption and explore other possible differences.
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To sum up, this chapter has discussed the experiments used to estimate motor and
controllers’ specific parameters. Motor back EMF constant was estimated by moving
the mounting a pendulum mounted on the motor in oscillatory motion, then measuring
the frequency of the generated voltage across motor terminals. Controllers’ specific
parameters, which are open loop gain and time constant, were estimated
experimentally by applying step voltage on the cart without the pendulum, and
capturing the displacement and velocity responses. A summary of technical
specifications for some Arduino boards and dSPACE DS1104 was presented, in
addition to the compatible software used in programming and real-time monitoring of
each controller.
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Chapter 5: Experimental Results and Discussion

This chapter covers the experimental part and results of this study. The chapter starts
by substituting the system numerical values obtained in the previous chapter into the
linearized mathematical model obtained in Chapter 3, to get the state space system
matrices A, B and C. Following that, the obtained matrices are used to check the
controllability and observability of the system. Once the system is confirmed to be
controllable and observable, the control law matrices are calculated and implemented
on the actual system for different conditions and scenarios. The results are then plotted
and compared. These procedures are implemented on Arduino DUE then repeated on
dSPACE to compare the performance of the two.
5.1 Numerical Mathematical Model
Based on the measurements and parameter estimation experiments explained in
Chapter 4, the final numerical system model for the Arduino controller is
𝑥̇
0
1
𝑣̇
[ ̇ ] = [0 −3.4432
0
0
𝜃
0
8.6079
𝜔̇
1
𝑦=[
0

0
0 𝑥
0
−0.0436 0] [ 𝑣 ] + [ 0.1443 ] 𝑒
0
1 𝜃
0
𝜔
24.6340 0
−0.3607
0 0
0 1

𝑥
0 𝑣
0
] [𝜃 ] + [ ] 𝑒
0
0
𝜔

(71)

(72)

For the dSPACE controller, the model is slightly different due to the difference in time
constant:
𝑥̇
0
𝑣̇
[ ̇ ] = [0
0
𝜃
0
𝜔̇

1
−5.2512
0
13.1281

0
0 𝑥
0
𝑣
−0.0667 0 ] [ ] + [ 0.2206 ] 𝑒
0
1 𝜃
0
24.6917 0 𝜔
−0.5514

(73)

54
1
𝑦=[
0

0 0
0 1

𝑥
0 𝑣
0
] [𝜃 ] + [ ] 𝑒
0
0
𝜔

(74)

5.2 Controllability
Before going into the design of the control law of the system, the system
Controllability is checked. The system is Controllable if the states can be controlled or
changed by changing the input. This can be mathematically checked by calculating the
rank of Controllability Matrix 𝜁. Since the order of this system is four, the
Controllability Matrix 𝜁 is

𝜁 = [𝐵 𝐴𝐵 𝐴2 𝐵 𝐴3 𝐵]

(75)

𝑅𝑎𝑛𝑘(𝜁) = 𝑂𝑟𝑑𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑆𝑦𝑠𝑡𝑒𝑚 (𝑛)

(76)

The system is Controllable if:

The controllability check was done for DUE and dSPACE systems, and both were
found to be controllable.
Based on the above mathematical models, a model based control law design technique
is used, which is the Linear-Quadratic-Regulator. State feedback control design by
LQR has been discussed in Chapter 2, where literature review shows the several
studies on inverted pendulum system have concluded that LQR design method yields
a better system response in terms of robustness, reduction of osciallation, and speed of
eliminating disturbances. For this reason, LQR method will be adopted here to design
control law which will stabilize the pendulum and ensure desired position tracking by
the cart. Some tuning will be done to get an acceptable response, however, the
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mathematical derivation of LQR, response optimization, and the other control design
options will not be covered here as these are out of the scope of this study.
LQR method is implemented using MATLAB function:
𝐾 = 𝑙𝑞𝑟(𝐴, 𝐵, 𝑄, 𝑅)
where A and B are system matrices, while Q and R are LQR matrices which include
the weights of the states and control input, respectively. There are many ways to
determine the suitable values of Q and R as explained by Murray (2006). In this work,
the simplest way will be followed to set neutral values of Q and R, which are:
𝑄 = 𝐶𝑇 𝐶
𝑅=1
5.3 Experimental Results
This section presents each control method, its general block diagram, and the
calculation of control matrices that will be used. Each control technique will be done
for Arduino DUE, then for dSPACE.
5.3.1 Full State Feedback Control Using Differentiation
This is the first controller implemented and it is the most basic one. LQR is
implemented to obtain starting values of the Gain Matrix K, which is used to close the
loop by proportional controller. Since there is no integrator, this response will stabilize
the pendulum, however it will not eliminate the steady state error in cart’s position.
Since full state feedback is needed to implement the above technique, and
potentiometers are used to measure the tilt angle and the cart position only, the other
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two states (pendulum’s rotational velocity and cart’s velocity) were obtained by
differentiation of the measured states, as shown in Figure 26. It is expected that this
signal will be noisy so it is passed through a low-pass filter (LPF) before calculating
the control input, as shown in the simplified block diagram below. For convenience
and ease of blocks connection, the states will be arranged as 𝑧 = [𝑥 𝜃 𝑣 𝜔], system
matrices A, B, and C were adjusted accordingly.

Figure 26: Overall Block Diagram of Full State Feedback Control with
Differentiation for Inverted Pendulum on Cart System

The bandwidth (BW) of LPFs was altered several times to optimize the response. It
was found that the performance is optimized by using BW = 10. Smaller BWs were
implemented in some experiments, however the response had no significant
improvement.
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5.3.1.1 Arduino DUE Results
The value of the gain matrix K was calculated using MATLAB for Arduino DUE
controller first. The result obtained is shown below:
𝐾𝐷𝑈𝐸 = [1.0000 232.9799 48.4260 46.9835]
Some fine tuning was done to achieve acceptable results. Control block diagram was
built by Simulink as shown in Figure 27 and implemented on Arduino DUE.

Figure 27: Closed Loop Block Diagram of Full State Feedback with
Differentiation for Arduino DUE
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The tuned gain matrix will be denoted as 𝐾 ∗ . The tuned Gain Matrix of Arduino for
Full State Feedback Control is
∗
𝐾𝐷𝑈𝐸
= [1 250 70 51]

Using the above gain matrix, the system was stabilized, but with large oscillation and
steady state error on cart’s position, as shown in Figure 28.

Figure 28: System Response Using Full State Feedback Control with Differentiation
on Arduino (External Disturbance Applied at t = 37s)

An external pulse disturbance was applied on the pendulum at t = 37 s, however the
sysetm remained stable and was able to eliminate the disturbance.
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5.3.1.2 dSPACE Results
Same design steps were done using dSPACE. The calculated gain matrix by MATLAB
is
𝐾𝑑𝑆𝑃𝐴𝐶𝐸 = [1.0000 185.2938 48.2132 37.3543]
For dSPACE, the values suggested by MATLAB did not stabilize the system, further
tuning was needed to achieve the below matrix which stabilized the system
successfully:
∗
𝐾𝑑𝑆𝑃𝐴𝐶𝐸
= [6 150 30 10]

In a similar manner, the control law block diagram shown in Figure 29 was built in
Simulink and implemented on dSPACE DS1104.

Figure 29: Closed Loop Block Diagram of Full State Feedback
with Differentiation for dSPACE
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Figure 30 shows the result of the above.

Figure 30: System Response Using Full State Feedback Control with Differentiation
on dSPACE (Kv = 30)

As noted from the above result, large oscillations and steady state error are present in
the case of dSPACE as well.
To limit the oscillations, further tuning was done by increasing the damping factor of
cart’s position Kv from 30 to 70. The response has notably improved as shown in Figure
31.
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Figure 31: System Response Using Full State Feedback Control with Differentiation
on dSPACE (Kv = 70)

The above results show that Full State Feedback Control is sufficient to stabilize the
pendulum, even in the presence of small external disturbances. It is also noted that
increasing the cart’s speed gain reduces the cart’s position oscillations significantly in
the case of dSPACE. However, in all above cases the Full State Feedback control did
not eliminate the steady state error on the cart’s position.
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5.3.2 Full State Feedback Control with Reduced Order Observer
The response obtained in the previous case had two main drawbacks which are cart’s
position oscillations, and steady state error on cart’s position. Each of these issues will
be dealt with separately, and the solutions will be finally combined to see the final
improved result.
Starting with the oscillations, it is expected to observe some oscillations due to the use
of the derivatives. Differentiation is the easiest method to obtain rates of states without
complicating the system or adding additional unnecessary cost for more sensors.
However, differentiation amplifies the noise and causes notable oscillations which
may increase to the level of pushing the system out of stability region.
To eliminate that, another method of states estimation is proposed and used in the
literature, which is the State Observer. “In control theory, a state observer is a system
that provides an estimate of the internal state of a given real system, from
measurements of the input and output of the real system. Knowing the system state is
necessary to solve many control theory problems; for example, stabilizing a system
using state feedback. In most practical cases, the physical state of the system cannot
be determined by direct observation. Instead, indirect effects of the internal state are
observed by way of the system outputs” (State Observer, 2019).
Full Order Observer may be implemented to estimate all states, however, this is not
needed in the above case, as only two states are not measured. A more suitable type of
state observer would be the Reduced Order Observer, as it can be used to estimate only
the unmeasured states, while the measured states values can be directly obtained from
sensors.
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Before going into the observer design, system Observability shall be checked. System
is observable if all of its states can be estimated using the measurable states values.
System observability can be checked by calculating the rank of the Observability
Matrix 𝒪.
𝐶
𝐶𝐴
𝒪 = [ 2]
𝐶𝐴
𝐶𝐴3
The system is Observable if:
𝑅𝑎𝑛𝑘(𝒪) = 𝑂𝑟𝑑𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑆𝑦𝑠𝑡𝑒𝑚 (𝑛)
The above condition is checked for both DUE and dSPACE. The system was found to
be Observable in both cases, so the reduced order observer can be implemented.
This observer will be implemented in a similar way used by Rakhshani & Sadeh
(2010). Assuming that the state vector 𝑥 can be divided to directly measured states 𝑥1
and unmeasured states 𝑥2 the calculation can be summarized by the block diagram
shown in Figure 32.
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Figure 32: Block Diagram of Full State Feedback with Reduced Order Observer
(Rakhshani & Sadeh, 2010)

where:
𝑥̇ 1 = 𝐴11 . 𝑥1 + 𝐴12 . 𝑥2 + 𝐵1 . 𝑢
𝑥̇ 2 = 𝐴21 . 𝑥1 + 𝐴22 . 𝑥2 + 𝐵2 . 𝑢
𝑦 = 𝐶1 . 𝑥1
𝐹 = 𝐴22 − 𝐿𝐶1 . 𝐴12
𝐻 = 𝐵2 − 𝐿𝐶1 . 𝐵1
𝐺 = (𝐴21 − 𝐿𝐶1 . 𝐴11 )𝐶1−1 + 𝐹𝐿

(77)

The above was implemented in a simpler method on DUE and dSPACE. The system
states were split into measured 𝑥1 and unmeasured 𝑥2 as below:
𝑥
𝑥1 = [ ]
𝜃
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𝑣
𝑥2 = [ ]
𝜔
Following the above, the system Matrices A and B were split to match with the above
arrangement. In the case of DUE, the system matrices will be split as following:
0
1
𝑥̇
0
−3.4432
[ ]=[
0
0
𝑣̇
0
8.6079
𝑥̇

0

𝑣̇
𝜃̇
𝜔̇

0

0
0 𝑥
0
−0.0436 0 ] [ 𝑣 ] + [ 0.1443 ] 𝑒
0
1 𝜃
0
24.6340 0 𝜔
−0.3607

1

0

−3.4432 −0.0436

0

𝑥

0

𝑣

=

0
0.1443
+

0

0

0

1

𝜃

0

0

8.6079

24.6340

0

𝜔

-0.3607

e

This split will be denoted as following:
𝑥̇
𝐴
[ 1 ] = [ 11
𝑥̇ 2
𝐴21

𝐴12 𝑥1
𝐵
] [𝑥 ] + [ 1 ] 𝑒
𝐵
𝐴22 2
2

Then, to calculate a suitable gain matrix of the two unmeasured states, two stable
observer poles P will be selected, and the MATLAB place(A, B, P) command will be
used to generate the reduced order observer gain matrix L, where the observer’s A and
B matrices will be used, as below:
𝑃 = [−40 + 10𝑖 , −40 − 10𝑖]
𝐿 = 𝑝𝑙𝑎𝑐𝑒(𝐴22 𝑇 , 𝐴12 𝑇 , 𝑃)
The observer matrices (which were denoted as F, G, H by Rakhshani & Sadeh) will be
named as 𝐵𝐿 , 𝐴𝐿1 , 𝐴𝐿2 , and calculated as below:
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𝐵𝐿 = 𝐵2 − 𝐿. 𝐵1
𝐴𝐿1 = 𝐴21 − 𝐿. 𝐴11
𝐴𝐿2 = 𝐴22 − 𝐿. 𝐴12

(78)

All of the above matrices and gains were implemented on Arduino and dSPACE as
shown in Figure 33, which takes the latest control input 𝑢, and latest measured states
𝑦, and outputs the estimated states 𝑣 and 𝜔.

Figure 33: Block Diagram of Reduced Order Observer on Simulink

From the initial experimentation using the reduced order observer, it was noted that
the estimated states were noisy. Two possible reasons were suggested, the first reason
is that the measured states 𝑦, which are obtained from the sensors and fed to the
reduced order observer, are noisy and the noise is propagating to the estimated states.
In this case, taking the measured states 𝑦 through LPF before feeding them to the
reduced order observer will reduce the noise on the estimated states. Second possible
reason was that the reduced order observer calculation itself is amplifying the noise.
In this case, the estimated states 𝑥2 will be sent through LPF before sending them as a
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feedback to the controller. Both cases were examined and tested as will be shown.
5.3.2.1 Arduino DUE Results
Similar to the first test on Arduino using full state feedback control, the gain matrix
will be implemented here using the same values, since replacing the derivative with
reduced order observer does not affect the gain matrix estimation. However, to explore
all possibilites, another gain matrix will be calculated using a different method, then
both responses will be compared to select the optimum matrix.
In the first experiment of Arduino, the gain matrix was calculated using LQR function
in MATLAB with standard Q and R matrices. A second method will be implented
where MATLAB function 𝑝𝑙𝑎𝑐𝑒(𝐴, 𝐵, 𝑃) will be used to calculate another value of
gain matrix. 𝐴 and 𝐵 are system matrices, while 𝑃 is a vector of desired closed loop
system poles. In this case the poles are selected to be:
𝑃 = [−2.0952

− 4.9739 + 0.0477𝑖

− 4.9739 + 0.0477𝑖

− 3.4127]

Implementing the above, two gain matrices are obtained, using LQR and pole
placement, respectively:
∗
𝐾𝐷𝑈𝐸−𝐿𝑄𝑅
= [1 250 70 51]
∗
𝐾𝐷𝑈𝐸−𝑃𝐿𝐴𝐶𝐸
= [50 350 86 70]

Case 1: Results using LPF on estimated states 𝒙𝟐
First case to be tested is implementing reduced order observer with filters on the
∗
estimated states 𝑥2 . This will be tested twice, first using 𝐾𝐷𝑈𝐸−𝑃𝐿𝐴𝐶𝐸
values, then using
∗
𝐾𝐷𝑈𝐸−𝐿𝑄𝑅
values.

The block diagram of the above case in Simulink is shown in Figure 34.

Figure 34: Closed Loop Block Diagram of Full State Feedback with
Reduced Order Observer for Arduino DUE
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The reduced order observer block is identical to the one shown in Figure 33.
∗
Using 𝐾𝐷𝑈𝐸−𝑃𝐿𝐴𝐶𝐸
= [50 350 86 70], the result was as shown in Figure 35.

Figure 35: System Response Using Full State Feedback Control (Pole Placement)
with Reduced Order Observer on Arduino (External Disturbance at t = 27s)

A disturbance was applied at t = 27 s. The system is stable and the error is minimized,
however, the cart position oscillation is high, and the control input is very noisy with
high spikes nearly reaching the saturation limit.
∗
Similar scenario was applied using 𝐾𝐷𝑈𝐸−𝐿𝑄𝑅
= [1 250 70 51]. The results are

shown in Figure 36.
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Figure 36: System Response Using Full State Feedback Control (LQR) with Reduced
Order Observer on Arduino (External Disturbance at t = 27s)

The result of using LQR is much better than the ones of pole placement. The system
is stable, with much less oscillations. A disturbance was applied at t = 16 s, however
it seems that the control law is having higher damping effect which reduces the cart
position oscillation in relatively short time. The control input is still having some noise
but it is much less than the previous case. On the other hand, the steady state error on
cart’s position is slightly higher than the previous case.
Case 2: Results using LPF on measured states 𝐲
The same experiment was repeated using both gain matrices with the difference of
placing the LFP after the measured states 𝑦 which are fed to the reduced order

73
observer. The block diagram was slightly modified by changing the location of the
filters as shown in Figure 37.

Figure 37: Block Diagram of Reduced Order Observer on Simulink with LPF on
Measured States

∗
Using 𝐾𝐷𝑈𝐸−𝑃𝐿𝐴𝐶𝐸
= [50 350 86 70], the result is shown in Figure 38.
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Figure 38: Results of Full State Feedback (Pole Placement) with Reduced Order
Observer and LPF on Measured States, for Arduino

It is evident that filtering the measured states 𝑦 before feeding the same to the reduced
order observer results in a smoother response with less oscillation on cart’s position.
The same effect has been noted on the control input which had less noise and spikes.
The steady state error is minimal in this case as well. It is worth noting that the system
oscillations have not increased after applying an external disturbance at t = 182s.
∗
The results of implementing the same logic but using 𝐾𝐷𝑈𝐸−𝐿𝑄𝑅
= [1 250 70 51]

are shown in Figure 39.
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Figure 39: Results of Full State Feedback (LQR) with Reduced Order Observer and
LPF on Measured States, for Arduino

It is clear that the above result is the optimum. The cart position is stable with zero
oscillation. The control input is much smoother, and the cart position steady state error
is zero.
These results will be compared with the ones obtained using dSPACE to see if the
reduced order observer and the filter at measured states will enhance the proportional
state feedback control as it did with the DUE.
But before moving to the dSPACE, a closer look will be put into the reduced order
observer to see how does the reultant estimated states compare with the ones obtained
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by differentiation, as shown in Figure 40, and why did the reduced order observer
enhance the response of the system.

Figure 40: Linear Velocity of Cart and Angular Velocity of Pendulum, Obtained by
Differentiation and by Reduced Order Observer

The above figure shows a comparison between the estimated cart’s velocity and the
one obtained by differentiation. The reason behind oscillations can be clearly seen
here. The signal obtained by differentiation has much higher noise than the estimated
signal, although the captured differentiation is already passed through LPF of a similar
BW to the one used for reduced order observer. The same is applicable to the rotational
velocity of pendulum. The states shown on this figure belongs to the result shown in
Figure 38, where an external disturbance was applied at t = 182 s, which is the reason
of the spike in both velocities at t = 182s.
5.3.2.2 dSPACE Results
Similar experimets were done on dSPACE to see if the results are consistent or not.
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The gain matrix was calculated using LQR function in MATLAB, but the result
required significant tuning to stabilize the system. Pole placement result did not
stabilize the system even with tuning, so it is not included here. The tuned gain matrix
for dSPACE is
∗
𝐾𝑑𝑆𝑃𝐴𝐶𝐸
= [6 150 30 10]

Since the result obtained by Arduino shows that filtering the measured states reults in
better reduction of the cart’s position oscillations, LPF was placed after the measured
states 𝑦 in all of the following experiments. The results using the above metioned gain
matrix is shown in Figure 41.

Figure 41: Results of Full State Feedback (LQR, Kv = 30) with Reduced Order
Observer and LPF on Measured States, for dSPACE
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The system is stable but with less steady state error on cart’s position compared to the
previous case of proportional controller with derivatives, however, similar to that case,
the cart’s position is continuously oscillating. As the increment of Kv from 30 to 70
has solved this issue in the previous experiment, the same was implemented here,
resulting in the below response (Figure 42).

Figure 42: Results of Full State Feedback (LQR, Kv = 70) with Reduced Order
Observer and LPF on Measured States, for dSPACE

This result is better than all previous cases in terms of cart’s and pendulum stability,
as well as reduction of steady state error on cart’s position.
In any case, steady state error cannot be eliminated without introducing an integral
element in the cart’s position controller, which will be done in the next experiment.
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To sum up, it was found that introducing the reduced order observer with LPF on
measured states increases the system stability and reduces the oscillations on cart’s
position. In dSPACE case, increasing the cart’s velocity gain has reduced the
oscillations further and stabilized the cart’s position. In all above cases steady state
error on cart’s position was not eliminated.
5.3.3 Full State Feedback Control with Differentiation and Integral Action
Integral Action will be added to the Full State Feedback Control by adopting the
conceptual block diagram shown in Figure 43.

Figure 43: Full State Feedback with Integral Action for Set-point Tracking
(Bemporad, 2010)

Considering the above, the system augmented matrices can be expressed as
𝐻 = [1 0
0
𝐴𝑎𝑢𝑔 = [
0

0 0]
𝐻
]
𝐴

0
𝐵𝑎𝑢𝑔 = [ ]
𝐵
𝐶
𝐶𝑎𝑢𝑔 = [ ]
0
𝐾𝑎𝑢𝑔 = [𝐾𝑖

𝐾]

(79)

The new gain matrix 𝐾𝑎𝑢𝑔 can be calculated by 𝐿𝑄𝑅 using the above augmented
matrices, where 𝐾𝑖 is the integral gain for the cart’s position.
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5.3.3.1 Arduino DUE Results
The proporional integral block diagram was built in Simulink for implementation on
Arduino as shown in Figure 44.

Figure 44: Implementation of Full State Feedback with Integral Action and
Differentiation on Arduino
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The augmented matrices were also calculated in MATLAB, the new gain matrix after
tuning is
∗
𝐾𝐷𝑈𝐸−𝑎𝑢𝑔
= [−20 15 278 90 56]

The above was implemented in two ways. In the first, it is set to track a fixed setpoint
for the cart’s position as shown in Figure 45, and an external disturbance is applied to
observe the system response and the system speed of disturbance rejection. In the
second, it was set to follow a pulsing setpoint of position (Figure 46).

Figure 45: Fixed Point Tracking Using Full State Feedback with Integral Action and
Differentiation on Arduino (Disturbance at t = 34 s)

As the result shows, the integral action has successfully eliminated steady state error
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on cart’s position. In addition, the distrubance rejection response was relatively fast
with minimum oscillations.

Figure 46: Pulse Tracking Using Full State Feedback with Integral Action and
Differentiation on Arduino

In this case as well, the setpoint tracking was successfully achieved with almost no
oscillations. However, the period of the setpoint signal shall be large enough for the
system to follow, the system needs 25 s approximately to achieve the desired setpoint.
The control input however had some spikes, which is expected due to the frequent
change of setpoint.
5.3.3.2 dSPACE Results
Full State Feedback Control with Integral Action has been applied using dSPACE on
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the same system. The same gain matrix used in dSPACE proportional controller has
been implemented in this case, however, the value of 𝐾𝑖 was tuned several times to
optimize the response. Two values of 𝐾𝑖 were used and the results were compared.
Following are the implemented gains with the correponding results.
∗
𝐾𝑑𝑆𝑃𝐴𝐶𝐸,𝑎𝑢𝑔1
= [−20 6 150 30 10]

Figure 47 shows the result of tracking fixed setpoint.

Figure 47: Fixed Point Tracking Using Full State Feedback with Integral Action (Ki
= 20) and Differentiation on dSPACE
It is evident from the above results that the integral gain is too high which is causing
the overshoot and oscillations, so 𝐾𝑖 was reduced to 10 instead of 20, to have the
following augmented matrix:
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∗
𝐾𝑑𝑆𝑃𝐴𝐶𝐸,𝑎𝑢𝑔2
= [−10 6 150 30 10]

Figure 48 below shows the results of implementing the above augmented gain matrix.

Figure 48: Fixed Point Tracking Using Full State Feedback with Integral Action (Ki
= 10) and Differentiation on dSPACE

The above result shows better performance. Oscillations have been reduced to
minimum, less overshoot is present, and no spikes on the control input. The same
matrix was implemented to track a pulsing setpoints of two different periods, the first
has a period of 40 seconds (Figure 49), and the second is 60 seconds (Figure 50).
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Figure 49: Pulse (Period = 40s) Tracking Using Full State Feedback with Integral
Action and Differentiation on dSPACE
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Figure 50: Pulse (Period = 60s) Tracking Using Full State Feedback with Integral
Action and Differentiation on dSPACE

Increasing the period has slightly enhanced the results as the system had a better
chance to settle and approach the setpoint. The system is eventually reaching the
desired setpoint with nearly zero steady state error, however, the overshoot is still
comparatively high.
5.3.4 Full State Feedback Control with Reduced Order Observer and Integral
Action
All previous cases of implementing Full State Feedback Control with Integral Action
have relied on the derivative to obtain the unmeasured states, which is not an optimum
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solution, as it produces a lot of noise and oscillations as shown in the results of section
one. On the other hand, the implementation of reduced order observer has notably
enhanced the results in terms of noise, oscillations, and spikes reduction, as shown in
section two.
To get the optimum results, the cases implemented in this section will involve both
proportional integral controller, and reduced order observer to estimate the pendulum’s
rotational velocity and the cart’s velocity.
5.3.4.1 Arduino DUE Results
The block diagram shown in Figure 51 was built in Simulink to implement the
aforementioned configuration on Arduino. The augmented matrix implemented in the
previous experiment is used in this case. All reduced order observer matrices remain
the same as well.

Figure 51: Full State Feedback Control with Integral Action and Reduced Order Observer, for Arduino
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Implementing the LPF on the measured states 𝑦 rather than the estimated states results
in the response shown in Figure 52.

Figure 52: Pulse Tracking Using Full State Feedback with Integral Action and
Reduced Order Observer (LPF on Measured States), for Arduino

The above result shows that using reduced order observer has resulted in a faster
response, but with higher oscillations and overshoot compared to the case of
differentiation.
5.3.4.2 dSPACE Results
Full State Feedback with Integral Action and Reduced Order Observer was
implemented on dSPACE using the previous two augmented matrices and the same
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reduced order observer matrices. The system was set to track a fixed setpoint first
(Figure 53), then a pulsing setpoint (Figure 54).
∗
Implementing 𝐾𝑑𝑆𝑃𝐴𝐶𝐸,𝑎𝑢𝑔1
= [−20 6 150 30 10], the results are shown below.

Figure 53: Fixed Point Tracking Using Full State Feedback with Integral Action (Ki
= 20) and Reduced Order Observer, for dSPACE
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Figure 54: Pulse Tracking Using Full State Feedback with Integral Action (Ki = 20)
and Reduced Order Observer, for dSPACE

It is noted that the overshoot is high, so the integral gain was reduced to half, resulting
in the following augmented matrix:
∗
𝐾𝑑𝑆𝑃𝐴𝐶𝐸,𝑎𝑢𝑔2
= [−10 6 150 30 10]

Figure 55 shows fixed point tracking, while Figure 56 shows pulse tracking.
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Figure 55: Fixed Point Tracking Using Full State Feedback with Integral Action (Ki
= 10) and Reduced Order Observer, for dSPACE
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Figure 56: Pulse Tracking Using Full State Feedback with Integral Action (Ki = 10)
and Reduced Order Observer, for dSPACE

5.4 Summary and Discussion
This chapter has covered the experiments and results of proposed implementation of
the control laws on Arduino DUE and dSPACE DS1104 for the cart inverted
pendulum. The system numerical mathematical model was used to check
controllability and observability, and to calculate control laws matrices for Arduino
and dSPACE. Then the four control techniques were used to test the performance of
each controller. First technique was the simplest one which is the full state feedback.
As this technique requires the rate of change of angle and displacement (𝜔, 𝑣), two
methods were proposed, differentiation, and reduced order observer. It was found that
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the first method produces noisy signal that affects the performance of the system and
amplifies the oscillations. The results were improved when the reduced order observer
was implemented. It was not possible to eliminate the steady state error using the state
feedback only, so the integral action was added and the experiment was repeated using
differentiation and reduced order observer. The integral action has eliminate the steady
state error, but in some cases it has made the system response slower.
In general, for Arduino DUE, obtaining the states rates by implementing the reduced
order observer has significantly improved the results and almost eliminated the
oscillations. It was found that the response is optimized in terms of stability when the
full state feedback gain matrix is calculated using LQR instead of poles placement,
along with the estimated rates using reduced order observer. When the integral action
is added, the steady state error of cart’s position is eliminated. When differentiation is
used to estimate the rates, the system follows the setpoint with minor oscillations,
however the response time is relatively long. The implementation of reduced order
observer has made system response faster, on the other hand, it has amplified the
oscillations and overshoot. It was clearly noted that Ki value is directly proportional to
the oscillations, the higher Ki the more oscillations in the response.
Similar observations were noted in the dSPACE results. In the case of full state
feedback, the reduced order observer has enhanced the system response and reduced
oscillations compared to the differentiation method. In addition, the increment of
damping factor Kv has notably reduced the oscillations and enhanced the system
stability. When the integral action was introduced, similar to Arduino’s case, Ki
increment has increased oscillations, and vice versa. The use of reduced order observer
with the integral action has slightly improved the response in terms of reducing
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overshoot and decreasing the oscillations, but in general, the response of
differentiation case and reduced order observer case did not present significant
differences.
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Chapter 6: Conclusion and Recommendations

This chapter concludes the previously reported results by summarizing the work done
in the thesis, listing the general conclusions and findings, and suggesting the possible
future work and the way forward.
6.1 Summary
In this work, various state space based control approaches are implemented on a cartinverted pendulum system setup, using the MATLAB Simulink support packages for
Arduino and dSPACE, along with ControlDesk for real-time monitoring of dSPACE
based control. The main objective is set to investigate the use of Arduino DUE in
implementing advanced control techniques on underactuated mechanical systems and
benchmarking the performance of Arduino DUE to the one of dSPACE DS1104
system. It was also intended to explore the capabilities of the available Simulink
support package for Arduino for implementation in research and education field.
Since model-based control is used, we started by developing a full mathematical model
of the system. Two formulation methods are used and compared to validate the
obtained model. The first is based on the Lagrangian formulation, which uses the
potential and kinetic energy equations to obtain the system mathematical model. The
second is Newton-Euler formulation, which is used to validate the correctness of the
obtained mathematical model. This method looks at the reaction forces and torques on
the cart and the pendulum independently and uses Newton’s law to obtain the
mathematical model. Both methods were used initially without considering the DC
motor dynamics. Afterwards, the motor dynamics model is derived, and the Newton
Euler’s method is used again to obtain the mathematical model of the pendulum and
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the cart including DC motor. Since several unknown system parameters are present in
the mathematical model as a result of deriving the model from the first principles,
identification procedures are developed and conducted to estimate the system’s
parameters. To reduce the need to identify all the parameters, a mathematical model
for the cart without the pendulum was derived and used first to combine all unknown
parameters into two parameters, which are the time constant and the open loop gain of
a first order system. Obtaining these two parameters is done by conducting a velocity
step response on the cart without the pendulum.
The physical pendulum on cart setup was built in UAEU labs. Quick experimental
work was developed and executed as an estimation procedure to obtain the setup
specific parameter values, including hardware parameters as well as electrical and
mechanical gains and scaling factors. Potentiometers were tested to find their ranges
and conversion factors. The DC motor was also tested through an oscillatory motion
procedure to estimate its back EMF constant, which was assumed to be equal to the
motor torque constant.
The estimated and measured parameters were substituted in a linearized version of the
mathematical model to obtain the system specific numerical model, which is then used
to design the control laws and to compute the control gain matrices. The implemented
control laws in this work include a full state feedback for system stabilization, and a
full state feedback with integral control for system stabilization and for setpoint
tracking. Since the used potentiometers measure only the pendulum’s tilt angle and
cart’s position, two methods were implemented to estimate the needed rate signals
from the measured position signals. In the first method, differentiation of the position
signals in addition to using a low pass filter was employed and compared to the second
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method, which is based on using a reduced order observer to estimate the unmeasured
states along with a low pass filter on the input. The two methods are used and
compared.
6.2 Results and Findings
In general, all designed controllers and approaches resulted in stabilizing the system
with some variations in terms of performance. Using full state feedback on both
implementations, Arduino and dSPACE, results in system stabilization as well as good
disturbance rejection performance. Additionally, the system correctly follows a
setpoint input when integral control is added. Some differences are observed looking
at the responses of using differentiation versus reduced order observer. For system
stabilization without position tracking, and for fixed setpoint tracking, the system
performance was notably enhanced using the reduced order observer, as it has
significantly reduced the oscillations in cart’s position. On the other hand,
differentiation of the position signal results in performance which is more stable and
shows less oscillations and overshoot than in the case of the reduced order observer
when following a pulsing position setpoint. Nonetheless, the system exhibits a much
slower behavior. This might be due to the fact that reduced order observer
implementation involves several factors and matrices that need to be tuned properly to
fit the intended application or performance.
As far as the controllers used, Arduino DUE’s performance turned to be comparable
to the one of dSPACE with only slight differences. Arduino DUE’s performance was
characterized by slower response but higher stability in cart’s position. Contrarily,
dSPACE response was faster but with higher oscillations in cart’s position. This seems
expected due to the obtained difference in time constant of the two controllers.
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In terms of software integration, Simulink with Arduino was found more convenient
and user-friendly as all parameters can be manipulated and monitored in real-time
directly through Simulink without the need of any additional software. The case was
different for dSPACE, as real-time communication with Simulink is disabled by the
manufacturer, to prompt using the ControlDesk as a user interface to manipulate or
monitor data in real-time.
6.3 Improvements and Way Forward
Although the hardware used in the current setup, in terms of motor, drive, and
controllers, resulted in adequate performance and results, further investment in terms
of better hardware is expected to yield more consistent result. For example, using a
larger brushless DC motor is expected to enhance the performance of the system, as it
will be faster and more powerful and has much less friction due to the elimination of
the motor gearhead which will not be required.
Also, the use of Arduino Simulink support package has imposed its own limitations.
The PWM block produces a fixed default frequency signal of 1 kHz. It is not possible
to adjust the frequency as desired directly through the use of Arduino Simulink support
package, whereas it is possible to adjust the same for dSPACE directly through its
Simulink support package, and it is also possible to do that for Arduino by manual
timers’ programming using Arduino IDE. Similarly, the PWM block in the Arduino
Simulink support package uses a resolution of 8 bits only, while the DUE is capable
producing up to 12-bit resolution PWM. Using timers’ programming by Arduino’s
IDE may overcome these limitations and enhance the system performance.
This study is intended to initiate further research using low-cost controllers, such as
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Arduino and other microcontrollers, and their corresponding Simulink support
packages. Building upon the results obtained here, an extension of this work will be
testing the Arduino on more complex underactuated systems of higher order. For
example, a two DOF inverted pendulum on a cart, and a double inverted pendulum on
a cart are complex lab-based control systems of higher order that could be suitable to
further explore the techniques and hardware used in the work done here.
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